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This  little  book  has  been  prepared  to  present  the  work  in 
Geometry  and  Algebra  laid  down  in  the  curriculum  of  the 
Public  Schools  of  Ontario. 

These  subjects  are  taught  during  only  one  year  of  the  course, 
a,iid  to  pupils,  of  whom  the  majority  do  not  have*  opportunity 
of  proceeding  further.  Consequently  completeness  of  treat- 
ment as  well  as  simplicity  has  been  considered. 

The  aim  has  been  to  present  practical  definite  aspects  of  the 
subjects  rather  than  to  seek  to  lay  a  foundation  for  higher 
work  in  mathematics 

The  problems  and  exercises  are  numerous,  over  fifteen 
hundred  in  all.  Many  of  these  are  suitable  for  viva  v  >ce 
class  work. 
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EXJCLTD'S  ELEMlENTt 


BOOK  i.— PROPOSITIONS  1—26. 


Euclid  was  the  first  teacher  of  mathematics  in  the  fii'«t  g^'eat 
university  of  the  world— that  founded  at  Alexandria  about 
300  B.  C.  He  was  the  author  of  works  on  Geometry,  Arith- 
metic, Astronomy,  Optics  and  Music. 

His  work  known  as  Euclid's  Elements  consisted  of  thirteen 
books,  of  which  the  first  six  and  the  last  three  treat  of  C^eo- 
metry  ;  the  remaining  books  treat  of  Arithmetic. 

The  proofs  of  the  propositions  which  are  given  in  this  edition 
of  a  part  of  the  first  book  of  the  Elements  are  considered  to  be 
just  about  the  same  as  those  presented  by  Euclid  to  his  classes. 
They  have  been  used  eA^er  since  his  time  as  models  of  deduc- 
tiA-e  reasoning,  and  their  form,  as  well  as  the  geometrical  facts 
which  they  present,  should  be  studied. 

DEFINITIONS. 

In  the  definitions,  Euclid  names  the  things  with  which  he 
proposes  to  deal,  and  states  the  distinguishing  marks  by  which 
these  things  are  to  be  recognized. 

The  definitions  should  be  carefully  considered,  and  com- 
mitted to  memory  as  they  are  used. 

1-  A  point  is  that  which  has  position  but  has  no  magni- 
tude. 

A  point  ia  indicated  hy  a  dot  with  a  letter  attached,  as  the 
point  A.  A 

2.  A  line  is  that  which  lias  length,  but  has  neither  breadth 
nor  thickness. 


V,  EUfLID  S   ELEMENTS. 

A  line  is  indicated  by  a  stroke,  with  a  letter  placed 
at  each  end,  as  the  line  A  B. 

The  extremities  of  a  line  are  points,  and  the  intersection  of  two 
lines '       ]  cur. 

The  letters  placed  at  the  ends  cf  a  line  are  used  also  to  indicate 
the  extremities. 

A  letter  placed  pt  the  irterfoctiou  of  two     A-^-,^  ^_^..^B 

lines  indicates  the  point   of  intersection,   as  ^Z^^^^CT 

the  point  0.  C^^""^  "^B 

-  d.  A  Straight  line  is  one  wliich   lies   evenly  between  its 
extreme  points. 

Only  one  straight  line  can  lie  between  two  given  points. 

4.  A  surface  is  that  which  hOvS  length  and  breadth,  V)ut  no 
tliickness. 

5.  A  plane  surface  dn-  a  plane)  is  one  in  which,  if  any 
two  poii:ts  be  taken,  tlie  straight  line  between  them  lies 
wholly  in  that  surface. 

6.  An  angle  i«  the  inclination  ut  two  straight  lines  to  one 
another  which  meet  together,  >)ut  are  not  in  the  same  straight 
line. 

The  point  at  which  the  lines  meet  is  called  the  vertex,  and  the  lines 
are  called  the  arms  of  the  angle. 

An  angle  is  named  by  three  letters,  one 
placed  at  the  vertex,  and  one  on  each  of 
the  arms;  but  these  mnst  be  arranged  so 
that  the  one  denoting  the  vertex  shall  be 
the  middle  letter. 

Thus  the  angle  reprcKented  is  called  the  angle  ABC,  or  the  angle 
GBA. 

—  7.  Wheti  a  straight  line  standing  on  an- 
other straight  line  makes  the  adjacent  angles 
equal  to  one  annthfr,  each  of  the  angles  is 
railed  a  right  angle,  and  the  straight  line 
which  stands  on  titr-  other  is  called  a  perpen- 
dicular to  it. 
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8.   An   obtuse  angle  is   one  which 
is  greater  than  a  right  angle. 


9.   An  acute  angle  is  i»ne  which  is  less  than 
right  antfle. 


10.  Any  portion  of   r.  plane  surface  bounded   (or  contain- 
ed) by  one  or  more  lines  is  called  a  plane  figure. 

—  11.  A  circle  is  a  plane  figure  contained  by  one  line  which 
is  called  the  circumference,  and  is  such  that  all  straight 
lines  drawn  frlmi  a  certain  point  v/ithin  the  figure  to  the 
circumference  are  equal  to  one  anf)ther.  This  point  is  called 
the  centr6  of  the  circle. 

A  circle  is  usually  named  by  three  letters,  each  of  which  denotes  a 
point  on  the  circumference. 

12.  A  radius  of  a  circle  is  a 
straight  line  drawn  from  the 
centre  to  the  circumference. 

— 13.  A  diameter  of  a  circle 

is  a  straight  line  drawn  through 
the  centre,  and  terminated  both 
ways  by  the  circumference. 

Thus  ABC  is  a  circle  of  wliicli  0 
is  the  centre  ;  OA ,  OB  and  OC  are  radii,  and  ^C  is  a  diameter. 

— 14.  Parallel  straight  lines  are  such  as  are  in  the  same 
plane,  and  being  produced  ever  so  far  both  ways,  do  not  meet. 


Thus  A  B  and  <'I>  are  parallel  straight          ^~ 
lines.  Q 


15.   A   rectilineal  tigure   is    (jne   which  is  contained  by 
straight  lines. 
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These  straight  lines  are  called  the  sides  of  the  figure,  and  the  sum 
of  ll'em  is  called  the  perimeter  of  the  figure. 

A  rectilineal  Sgure  is  named  by  stating  in  order  the  letters  which 
denote  its  angular  points. 

16.  A  triangle  is  a  plane  figure  contained  by  three  straight 
lines. 

Any  one  of  the  angular  points  of  a  triangle  may  be  called  the  vertex 
of  the  triangle  :   the  side  opposite  to  the  vertex  is  called  the  base. 

17.  A  quadrilateral  is  a  plane  figure  contained  by  four 
straight  lines. 

The  straight  line  which  joins  opposite  angular  points  of  a  quadri- 
lateral is  called  a  diagonal. 

18.  A  polygon  is  a  plane  figure  contained  by  more  than 
four  straight  lines. 


1 9.   An  equilateral  triangle  is  o^e  that  has 
three  equal  sides. 


20.   An   isosceles    triangle  is  one  that  has  two 
equal  sides. 


21.   A  scalene  triangle  is  one  that  has  three 
unequal  sides. 


22.   A  right-angled  triangle  is  one  that 
has  a  right  angle. 

The  side   opposite  to   the  right   angle   in   a 
right-angled    triangle    is    called    the    hypote- 
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23.     An    obtuse-angled  triangle  is 
one  that  has  an  obtuse  angle. 


24.   An  aCUte-anf^led   tilr,ntrle   is   one  tliat 
has  three  acute  anj^ks. 


25.   A  rhombus   is   a   qnadrilate'-al   that         /  / 

has  all  its  sides  equal.  /  / 


J 


-•).  A  square  is  a  quadrilateral  that  has 
all  its  sides  equal,  and  all  its  angles  right 
ancfles. 


27.  A   parallelograir    is  a  quadri- 
lateral whose  (ipposite  sides  are  parallel. 


28.  A  rectangle  is  a  quadrilater.il  wliose 
opposite  sides  are  parallel,  and  wliose  angles 
are  right  angles. 


29.  A  trapezium  is  a  quadrilateral 
tliat  has  t\v(j  sides  parallt:i. 
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POSTULATES. 

It  is  not  possible,  even  with  the  best  of  instruments,  to  draw 
straisrhu  lines  or  circles.  But  s'nce  Euclid  wishes  to  reason 
about  figures  mads  up  of  straight  lines  and  circles,  he  requests 
that  his  attempts  to  draw  these  be  considered  successful. 
He  makes  these  requests  in  three  postulates,  given  below, 
which  should  be  memorized,  a,nci  referred  uo  by  number. 

Let  it  be  granted  : 

L  That  a  straight  line  may  be  drawn  from  any  one  point 
to  any  othor  point. 

2.  That  a  terminated  straignt  line  may  be  produced  to 
anj'  length  either  way. 

3.  That  a  circle  may  be  described  with  any  centre,  and 
at  any  distaiioe  f  I'om  that  centre. 


AXIOMS. 

In  the  axioms,  Euclid  makes  twelve  simple  statements, 
the  truth  of  which  is  self-evident.  They  form  the  founda- 
tion on  which  ths  whole  science  of  geometry  is  built.  They 
should  be  committed  to  memory,  and  referred  to  by  number. 

1.  Things  which  are  equal  to  the  same  thing  are  equal  to 
one  another. 

2.  If  equals  be  added  to  equals,  the  sums  are  equal. 

3.  If  equals  be  taken  from  equals,  the  remainders  are  equal. 

4.  If  equals  be  added  to  unequals,  the  sums  are  unequal,  the 
greater  sum  being  obtained  from  the  greater  unequal. 

h.  If  equals  be  taken  from  unequals,  the  remainders  are 
unequal,  the  greater  remainder  bein^  obtained  from  the  greater 
unequal. 
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6.  Things  which  are  doubles  of  the  same  thing  are  equal 
to  one  another. 

7.  Things  which  are  halves  of  the  same  thing  are  equal 
to  one  another. 

8.  Magnitudes  which  coinciue  wicn  one  aiiotner  are  equal 
to  one  anothei'. 

9.  The  whole  is  greatei'  than  its  part,  and  equal  to  the 
sum  of  all  its  parts. 

10.  Two  straight  lines  cannot  enclose  a  space. 

11.  All  right'angles  are  equal  to  one  another. 

12.  If  a  straight  line  meets  two  other  straight  lines,  so  as  to 
make  the  interior  angles  on  one  side  of  it  together  less  than  two 
right  angles,  these  two  straight  lines  will  meet  if  continually 
produced  on  the  side  on  which  are  the  angles  which  are 
together  less  than  two  right  angles. 


SYMBOLS  AND  ABBREVIATIONS. 


The  following 

symbols  and  abbreviations   are  used   in  the 

propositions  : — 

=  stands  for 

'  is  equal  to,'   'are  equa*  Lo, '  or  'be  equal  to.' 

Z 

u 

'  angle.' 

A 

(( 

'  triangle.' 

0 

u 

*  circle.' 

Q,. 

u 

*  circumference. ' 

(( 

'  therefore.' 

Def: 

(( 

'  Definition.' 

Post. 

cc 

'  Postulate.' 

Ax. 

u 

'  Axiom.' 

Prop. 

u 

*  Proposition.^ 

Hyp. 

(( 

'  Hypothesis.' 

Constr 

(( 

'  Construction.' 

TTTTpijns   ELFMF.NTS. 


THE  PROPOSITIONS. 


JNTRODTTOT^CAT   TO    PBOPOSTTTON    1. 

1.  State  the  definition  of  a  circle,  a  triangle,  an  equilateral  triangle. 

2.  What  is  a  Postulate  ?  An  Axiom?    State  Post.  1,  Post.  2  and  Ax.  1. 

A 

3.  Make  a  triangle  whose  angular  points  are  the  points 

A,  Bund  C 

4.  (a)  Find  a  point  which  is  at  the  same   distance   from   the  point 

A  that  the  point  B  is.  ^ . -q 

(b)  In  what  line  do  all  such  points  lie  ? 

( <■ )  Draw  a  line  every  point  of   which    will  be  at  the  same  dis- 
tance from  B  that  A  is. 

(d)  Find  a  point  that  is  equidistant  from  A  and  B. 

5.  A  BG  is   an   equilateral   triangle.     How  does    the 

distance  of  the  point  A  from  the  point  B  compare 
with  the  distance  of  the  point  A  from  the  point 


PPOPOSITION  1.     Problem. 
To  describe  an  equilateral  triangle  on  a  given  straight  line. 


F 

Let  AB  be  the  given  straight  line. 
It  is  required  to  describe  an  equilateral  triangle  on  AB. 


EUCLID'S   ELEMENTS.  9 

With  centre  A  and  distance  A£,  describe  0  BCD.    Post.  3 
With  centre  B  and  distance  BA,  describe  0  ACU.    Post.  3. 
Let  the  circumferences  intersect  at  the  point  C. 

Join  AC  and  CB.  Post  1. 

ABC  shall  be  an  equilateral  /\. 
For,  because  A  is  the  centre  of  0  BCD, 

.:     AG  =  AB.  Def.  o/Q). 

And  because  B  is  the  centre  of  0  ACE, 

.:     BC  =  AB  Def.  of  Q. 

Now,  since  AC  and  BC  are  each  equal  to  AB, 

.:     AC  =  BC  Ax.  1. 

Thus  AB,   BC  and   AC  are  ail  equal,  and  an  equilateral 

triangle  ABC  has  been  described  on  AB.      Def.  of  equilateral  /^. 

QUESTIONS    ON    PROPOSITION    1. 

L  If  the  two  circumferences  intersect  a!so  at  F,  what  kind  of  a  triangle 

will  be  formed  by  joining  A  F  and  BF  '■ 
2.   What  kind  of  a  quadrilateral  is  the  figure  A  GBF  ? 


INTRODUCTION   TO   PROPOSITION   2. 

1.  Define  a  circle.     Is  it  possible  to  draw  a  circle  on  a   plane  surface 

with  a  pair  of  compasses  ? 

2.  State  the  postulates.     State  Ax.  2  and  Ax.  3. 

3.  (a)  Find  a  point  equidistant  from  A  and  B.  A  tB 
(b)  Show  how  to  describe  a  circle  that  will  pass  through  A  and  B. 

4.  ^SCand  i)£'i^are  concentric  circles,  having 

as  common  centre  the  point  0.  OD  and  OE 
are  radii  of  the  circle  DEF  which  cut  the 
circumference  of  the  circle  ABC  at  the 
points  A  and  B  respectively. 

(a)  Show  that  A  D  equals  BE. 

(hj  Draw  from  G,  a  point  on  the  circumfer- 
ence ABC,  a  s'raight  line  equal  to  AD. 


10 


EUCLID  S   ELEJklENTS, 


5.  A   radius  of   the  circle   ABC  is  produced   to 

D.     Show  how   to  draw  from   B  a  straight     C 
line  equal  to  AD. 


tj.  When  AD  \&  not  in  the  same  straight  line  aa 
OA,  show  how  to  draw  from  B  a  straight 
line  equal  to  AD, 


JD 


PROPOSITION  2.     Problem. 

J^,  oin  a  give:n  foiat  to  drauj  a  sfraif/ht  line  equal  to  a  given 
straight  line. 


Let  A  be  the  given  point,  and  BC  the  given  straight  line. 

It  is  required  to  draw  from  A  a  straight  line  equal  to  BC. 

Join  AB.  Post.  1; 

On  AB  describe  the  equilateral  /^  DAB.  Prop.  1. 

With  centre  B  and  distance  BC  describe  0  CEF.     Post.  3. 

Produce  DB  to  meet  the  O-^"  CEF  in  E.  Post.  2. 

With  centre  D  and  distance  DE  describe  0  EGH.    Post.  3. 

Produce  DA  to  meet  the  O*^-^  EGH  in  G.  Post.  2. 
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Then  will  ^6^  =  BC. 
For,  because  D  is  the  centre  of  0  EGH, 

.:     Dm:  =  DG.  Def.  of  Q. 

Of  these,  the  parts  DB  and  DA  are  equal.  Def.  of  equUaieraL  /\^. 
the  remainders  BE  and  AG  are  equal.  Ax.  3. 

And,  because  B  is  <-hc  centre  of  0  CEF, 

.:     BC  =  BE.  Def.  of  Q 

Bu'.  AG  ==  BE. 
.-.     AG  -    BC.  Ax.   1. 

Thus  from  the  point  A   a  straight  liie  A    '  has  been  drawn 
equal  ti)  BC. 

QUESTIONS  ON  PROPOSITION  2. 

L  Under  what  circumstances  would  the  point  D  lie    outside  cf  the 
circle  CEFl' 

On  the  circumference  of  the  circle  GEF  ■ 

2.  If  D  were  without  the  circle  GEF,  would  it  be  necessary  to  produce 

DB  ? 

3.  Could  the  problem  be  solved  by  producing  BD  instead  of  DB  ^ 

4.  Could  the  problem  be  solved  by  joining  A  G  instead  of  A  B  ' 

5.  Does  the  line  AG  always  lie  in  the  same  direction,  no  matter  which 

of  the  above  metiiods  of  construction  is  used  '■ 


INTRODUCTION    'J'O    PROf^OSITION^    8. 


\ 
G 


AB  and  AG  are  two  straight   lines   of   whicli    AB   is  the  greater. 
Show  how  to  cut  off  from  AB  &  part  equal  to  A O. 
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PROPOSITION  3.     Problem. 


From  the  greater  of  iwo  given  straight  Lines  to  cut  ojf  a  j^art 
equal,  to  the  less. 


-B 


Let  AH  and  CD  be  the  two   given  straight  lines,  of  which 
AB  is  the  greater. 

It  is  required  to  cut  off  from  AB  a  part  equal  to  CD. 
From  A  draw  the  straight  line  AE,  equal  to  CJ).       Prop.  2. 
With  centre  A  and  distance  J  ^describe  0  UFG,      Post.  3. 
cutting  AB  in  F. 

Then  will  AF  =  CD. 
For,  because  A  is  centre  of  r£)  EFG. 

.-.     AF  =  AE.  Def.  of  Q. 

But  CD  =  AE.  Constr. 

.-.     AF  =  CD.  Ax.  1. 

Thus  from  AB  a  part  AF  has  been  cut  off  equal  to  CD. 

QUESTIONS    ON    PROPOSITION    3. 

1.  Why  not  eay  "with  centre    A  and   distance  CX*  describe  v'  EFO, 

cutting  AB  in  F "  .? 

2.  Can  the  required  part  be  cut  off  from  either  end  of  the  Une  AB  ? 

3.  Make  the  figure,  putting  in  the  construction  necessary  to  draw  AF 
equal  to  CD, 
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EXERCISES. 

Find  the  solutions  of  the  following  exereises,  and  write  the 
proof  of  each  solution  in  a  form  similar  to  that  used  by 
Euclid  in  his  propositions. 

1.  AB  is  a  given  straight  line.       Produce  the  line,  making  the  whole 

length  double  that  of  A  B.  A B 

2.  Describe  an  isosceles  triangle   on  a  given  straight  line,  such  that 

each  of  the  equal  sides  shall  be  twice  as  long  as  the  base. 

3.  On  a  given  straight  line  describe  an   isosceles  triangle  having  each 

of  the  equal  sides  equal  to  another  given  straight  line. 

4.  Draw  a  straight  Jine  three  times  as  long  as  a  given  straight  line. 

5.  On  a  given  straight  line  describe  an  isosceles  triangle  having  each  of 

the  equal  sides  three  times  as  long  aa  the  third  side. 

6.  From  a  given  point  C,  in  a  given  sLraight  line  AB,  araw  a  straight 

line  equal  to  AB. 

7.  Produce  the  less  of  two  given  straight  lines,  making  it  eqii.U  to  the 

greater. 


IXTRODUCTION    TO    PROPOSITION    4. 

1.  State  Ax.  8,  and  Ax.  10. 

2.  What  is  the  meaning  of  '  coincide '  ? 

3.  Are  two  angles  necessarily  equal,  if  the  straight  lines  which  foi  m  the 

angles  are  equal,  each  to  each  ? 

4.  Two  circles  have  equal  radii :  show 

that   they   have    equal  areas   and 
equal  circumferences. 

5.  Two  squares  have  the  sides  of  the  one 

equal  to  the  sides  of  the  other.       Show  that  they  lave  equal  areas 
and  equil  perimeters. 
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PROPOSITION  4.     TiiEORKM. 

If  tn-o  trinnyles  have  tiio  sides  of  the  one  equal  to  two  sides  of 
the  other,  each  to  each,  and  have  also  tlie  angles  contained 
}>y  those  sides  equal  to  each  other,  they  shall  also  have  their 
third  sid3S  equal;  and  the  two  triangles  shall  he  equal,  and 
the  other  angles  shall  he  equal,  each  to  each,  namely  those 
to  ivhich  the  equal  sides  are  ojyposite. 


In  the  AS  ABC  and  DEF, 
let  AB      =      DE, 
AG     =     DF, 
and   I  BAG  =  l  EDF. 
It  is  required  to  prove  that  BG  =  EF, 

-A  ABG  =    A  DEF, 
Z  ABG  =    Z  DEF, 
and  Z  AGB  =    Z  DFE, 
If  A  ABG  be  applied  to  A  DEF,  so  that  A  falls  on  D,  and 
A.B  falls  ovi  DE,  then  B  will  coincide  with  E, 

because  AB  =  DE.  Hyp- 

And  because  AB  coincides  with  DE, 

and  Z  BAG  =  Z  EDF,  Hyp. 

.-.  AG  v^iWisXl  on  DF. 
And  because  ylC  =  DF,  Hyp. 

.  G  will  coi)icide  with  /'. 
And  b;^ciiuso  B  coincides  with  E,  and  G  with  /', 
.-.  BG  will  coincide  with  EF. 
Fcr,  if  not,  let  it  fall  otherwise,  as  EGF 
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Then  the  two  straight  lines  BC  and  EF  will  enclose  a  space, 
which  is  impossible.  Ax.  10. 

Hence  BC  coincides  Avith  and  .'.   =  El\  Ax.  8. 

\  ABC       "  "       "     .-.  =    A  DE1'\ 

Z  ABC       "  "       "     .-.   -    Z  X>^i'', 

and  Z  .-ICyi       '■  "        "     .-.   =    Z   i>i''^- 


(^uK-sTioNs  ON  Proposition  4. 

State  the  axioms  useil  in  the  proof. 

Are  the  words,  '  each  to  each,'  necessary  in  the  enunciation  ? 
Does  A  O  necessarily  fall  on  DF,  if  A  B  coincides  with  DE  ? 
Prove   the   proposition,    beginning    the    superposition    by    applying 
Bio  E. 


DE 


EXEKCISKS. 

1.  The  sides  of  tiie  square  A  BCD  are 

equal    to    the  sidts    of   the    square  . 
EFGH. 
Show  that  : 

(a)  The  diagonals  AC  and   EG   are 

equal. 
{h)  The   diagonals   AC  and  JiD  areB' 
equal. 

(c)  The  diagonal  AC  bisects,  that  is,  divides  into  two  equal  parts, 

the  angle  BA  IJ. 

(d)  The  squares  are  equal  in  area. 

2.  A  straight  line  A  D  bisects  the  vertical  angie  BA  C  of  the  isosceles 

triangle  A  BC,  and  meets  the  base  at  the  point  D.     Show  that 
D  is  the  middle  point  of  the  base,  and  that  AD  is  perpendicu- 
lar to  BO. 
.3.   If  two  straight  lines  bisect  each  other  at  right  angles,  any  point  in 
either  of  them  is  equidistant  from  the  extremities  of  the  other. 

4.  The  middle  points  of  the  sides  of  a  s(juare  are   joined  in   order. 

Show  that  the  quadriliiteral  formed  by  these  joining  lines  is  equi- 
lateral. 

5.  A  BCD  is  a  square,  ^  is  a  point  in  AR,   and  F  is,  a.  point  in  CD, 

such  that  ^^  is  equal  to  CF ;  EF  is  joined.     Show  that  the  angle 
AEF  is  equal  to  the  angle  CFE. 


16 


EUCLID  S    ELEMENTS. 


Propositions  are  divided  into  two  classes,  theorems  and  problems. 

A  theorem  is  a  truth  that  requires  to  be  proved  by  means  of  other 
truths  already  known.  The  truths  already  known  are  either  axioms  or 
theorems. 

A  problem  is  a  construction  which  is  to  be  made  by  means  of  the 
principles  of  construction  granted  in  the  postulates  or  proved  in  previous 
problems. 

The  enunciation,  or  statement,  of  a  theorem  consists  of  two  parts, 
the  hypothesis,  which  states  that  which  is  assumed,  and  the  conclu- 
sion, which  states  that  which  i§  asserted  to  follow  from  the  hypothesis. 

The  hypothesis  of  Prop.  4  is  "If  two  triangles  have  two  sides  of  the 
one  equal  to  two  sides  of  the  other,  each  to  each,  and  have  also  the 
angles  contained  by  those  sides  equal  to  each  other  ;  "  the  conclusion  is 
"they  shall  have  their  third  sides  equal,  and  the  two  triangles  shall  be 
equal,  and  the  other  angles  shall  be  equal,  each  to  each,  namely  those 
to  which  the  equal  sides  are  opposite." 

Figures  which  may  be  made  to  coincide,  are  said  to  be  "  equal  in  all 
re-'spects. " 

The  three  sid(s  and  the  three  angles  of  a  triangle  are  called  the 
"  parts  of  the  triangle." 

Thus,  the  triangles  considered  in  Prop.  4,  are  proved  to  be  equal  in 
all  respects,  since  the  parts  of  the  one  are  equal  to  the  corresponding 
parts  of  the  other. 


Introduction  to  Proposition  5. 

Define  isosceles  triangle.     Which  side  of   an    isosceles   triangle   is 

called  the  base"?  A, 

In  the  accompanying  figure  point  out  and  name 

the  angle  which  is 
(a)  The  sum  of  the  angles  ABC  and  CBD. 
(h)  The  difference  of  the  angles  ABD&ndi  CBD.    ^^ -j) 

.  In  the  figure,  AB  ia  equal  to  AD,  and  AG  is  equal 

to^^. 
(a)  Join  BE  and  DC.    Name  the  parts  of  theAa  AGD 

and  AEB,  which  are  equal. 
(h)  Prove  that  CD  is  equal  to  BE. 
(c)  Join  BD.     Name  all  the  parts  of  the  as  BCD 

and  DEB,  which  are  equal. 
fd)  What  kind  of  a  triangle  is  a  ABD  ? 
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Tlie  alleles  at  the  base  of  an  i^osciles  triangle  are  equal ;  and 
if  the  equal  sides  he  produceJ-  the  atighs  on  tlie  other 
side  of  the  base  shall  also  he,  tqual. 


V\  A  ABC,  let  AB  =  AC,  and  let  AB  and  AC  be  produced 
to  D  and  E. 

It   is  I'equired  to  prove  that  /  ABC  =   Z  ACB, 
and  Z  VBC  =  Z  ECB. 
In  BD  take  any  point  F, 
and  from  AE  cut  oS  AG,  equal  to  AF. 
Join  BG  and  CF. 
In  l^sAFCaxidAGB, 
AF     =    AG, 
AC     =    AB, 
a.nd  Z  F AC   =     Z  GAB, 
.:  FC      =    GB, 
Z  AFC  =    Z  AGB, 
and  Z  ACF    =    Z  ABG. 
Again,  because  AF       =    AG, 
and  AB       =    AC, 

.:BF       =    CG. 
And  in  As  BFC  and  CGB, 
BF      =    CG, 
FC       -    GB, 


Trap.  3. 
Post.  1. 

Constr. 
Hyp. 


Prop.  4. 


Ax.  3. 
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and  Z  BFC     -      Z  09B, 

.-.  /  B':^    =     /  CBG, 
and  Z -BC    =      C  GCB.  Prop.  i. 

Now,  because  /  ABC     =     Z  ^C.F, 
and  Z  Ci?6-'    =     Z  ^Ci^, 

.-.  ^  ABC    =     Z  ACB,  Ax.  3. 

and  these  are  the  angles  at  the  base. 

It  has  also  been  proved  that  Z  PBC  =   Z   GCB,    and  these 
are  the  angles  on  the  other  side  of  the  base. 


It  is  evident  that  if  a  triangle  has  all  its  sides  equal,  it  has 
all  its  angles  equal ;  that  is,  an  equilateral  triangle  is  equi- 
angular. 

A  truth,  such  as  the  above,  which  is  easily  and  directly  inferred  from 
a  proposition,  is  called  a  corollary  of  that  proposition. 

Questions  on  Proposition   5 

1.  What  is  the  hypothesis  of  Proposition  5  ? 

2.  What  is  the  conclusion  of  Proposition  5  ? 

3.  Would  it  do  equally  well  to  say  "  In  AD  take  any  point  i'"'  ? 


KXERCISES. 
J.  Prove  that  the  diagonal  of  a  rhombus  divides  it  into  two  isosceles 
triangles. 
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2.  Prove  that  the  opposite  angles  of  a.  rhombus  are  equal. 

3.  Prove  that  the  diagonal  oi  ;^   rnombi  s    bisects  each  oi  the  angles 

through  which  it  passes. 

4.  Two  isosceles  triangles,  ABC  and  1BC,  have  the  same  base  BC. 
(a)  Prove  that  the  angle  ABD  i.  tqual  to  the  angle  ACD. 

(h)  Prove  that  the  angle  BAD  is  eqaal  to  the  angle  CAD. 
(c)  Prove  that  AD,  or  AD  produced,  bisects  the  base  BC. 

5.  ABC  is  an  isosceles  triangle ;  and  in  the  base  BC  two  points  D,  E 

are  taken  such  BD  =  CE ;  prove  that  ADE  is  an  isosceles  triangle. 

6.  Prove  that  the  diagonals  of  a  s(|uare  divide  the  figure  into  four 

isosceles  triangles. 

7.  Two  equal  circles,  whose  centres  are  A  and  B,  intersect  at  the  point 

C.  Join  CA  and  CB,  and  produce  tlieni  to  meet  the  circumfer- 
ences at  D  and  E  respectively.  Join  DE.  Prove  that  the  angle 
CDE  equals  tlie  angle  CED. 

8.  ABC  is  an  equilateral  triangle:  D,  E  and  i^are  points  in  the  sides 

AB,  BC  and  GA,  such  that  AD=^BE=CF.  Show  that  the  tri- 
angle DEF  is  equilateral. 


Introduction  to  Proposition  G. 

1.  There  are  two  straight  lines,  AB  and  CD. 

(a)  If  ^i?  is  not  greater  than  CD,  must  ^6  be  less  than  CD  ?  Why? 
(h)  If  .4 i?  is  not  equal  to  CD,  is  AB  necessarily  greater  than  CD  ? 
(<■)  If  .<4i^  is  not  greater  than  CD,  nor  less  than  CD,  what  relation 
must  exist  between  A  B  and  CD  ? 

2.  In  the  figure,  AB  =  CD,  and  L  ABC  =   l  / 

DCB,   prove   that  AC   =--    BD,   and   that  / 

A  ABC  ^   A  DOB.  / 
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PROPOSITION   6.     TiiKOKicM. 

//  two  angles  of  a  triangle  be  eaiial,  the  sides  ojqjosite  them 
shall  also  be  equal. 


In   A  ABC  let  Z  ABC  = 
It  is  required  to  prove  that  AC 
If  AC  is  not  equal  to  AB,  one  of  them  must  be  the  greater. 
Let  AB  he  the  greater. 
From  BA  cut  ofif  BD  equal  to  AC.  Pro]).  3. 

Join  JDC.  Post.  1. 

In  A  s  BBC  and  ACB, 

DB      =    AC,  Constr. 

BC       =     CB, 
and  Z  DBG  =    Z  ACB,  Hyp. 

.:  A  DBC   =     A  ACB.  Prop.  4. 

But  tliis  is  impossible,  since  A  DBC  is  a  part  of  A  ACB. 
Therefore  AB  is  not  greater  than  AC. 
Similarly  it  may  be  shown  that  AB  is  not  less  than  AC. 
.:  AB  =  AC. 


Corollary.      An  equiangular  triangle  is  equilateral. 

Questions  on  Proposition   G. 

1.  How  would  you  proceed  to  show  "  that  AB  is  not  less  than  AG"1 

2.  What  is  the  hypothesis  of  Proposition  6  ? 

3.  What  is  the  conclusion  of  Proposition  6  ? 
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4.   What  relation  exists  between  the  hypothesis  of  Prop.  5  and  the  con- 
clusion of  Prop.  6;  and  aUo  between  the  first  part  of  the  conclu- 
sion of  Prop.  5  and  the  hypotliesis  of  Prop.   6  ? 
Two  propositions  are  said  to  be  converse,  when  the  hypothesis  of 

each  is  the  conclusion  of  the  other. 


EXERCISES. 

1.  The  diagonals  of  the  square  A  BOB  intersect  at  E.     Use  Prop.  6  to 

prove  that  the  triangle  EA  B  is  isosceles. 

2.  Prove  that  the  diagonals  of  a  rhombi  s  bisect  each  other  at  right 

angles. 

3.  Show  that  the  straight  lines  which  bisect  the  angles  at  the  base  of 

an  isosceles  triangle,   form  with  the  base  a  triangle  which  is  also 
isosceles. 

4.  In  the  figure  of  Prop.   1,   if  the  straight  line  ^-1  i>  be  produced  both 

ways,  to  meet  the  one  circumference  at  Z)  and  the  other  at  E, 
show  that  the  triangle  CDE  is  isosceles. 


IXTRODUCTION    TO    PuOPOSITIOX    7. 

1.  AB  and    CD   are   two  straight   lines. 

CE  =  AB.  A 

(a)  How  does  AF  compare   in  length        q 

with  CE  ? 
(J>)  Hov»'  does  J.  F  compare  in  length  with  CD  t 

2.  ABC  and  DEF  are  tw-o  rngles, 

and  L  ABC=  L.  HEF,  which 

is  a  part  of  /.  DEF. 
( a)  How  does   l.    GBC  compare 

in  magnitude  with  z.  HEF'i  B  C 

(h)  How  does   L    GBC  compare  in  maginlude  with  L  DEFl 

3.  Sho  V  that  two  isosceles  triangles  cannot  stand  on  the  same  base  and 

on  the  same  side  nf  it,  unless  the  vertex  of  the  one  triang'e  falls 
inside  the  other  triangle. 

4.  Two  triangles  liave  the  three  sides  of  the  one  respectively  eqi?;'  to 

the  three  side^  of  the  other.     Can  they  be  nia,de  to  coincide  t 
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PROPOSITION    7.     Theorem. 

Two  triangles  on  the  same  base  and  on  the  same  side  of  it  cannot 
have  their  contermhwus  sides  equal. 


If  it  is  possible  let  the  two  As  ABC,  ABD  on  the  same  base 
AB,  and  on  the  same  side  of  it,  have  AC  equal  to  AD,  and  BC 
equal  to  BD. 

Three  cases  may  occur  : 

(1)  The  vertex  of  each  A  may  be  outside  the  other  A. 

(2)  The  vertex  of  one  A  may  be  inside  the  other  A  . 

(3)  The  vertex  of  one  A  may  be  on  a  side  of  the  other  A  . 
In  the  first  case  join  CD  ;  and  in  the  second  case  join  CD 

and  produce  AC  and  AD  to  U  and  F. 

Because  AC  =  AD, 

.-.  Z  FCD  =  Z  FDC.  Prop.  5. 

But  Z  FCD  is  greater  than  Z  BCD.  Ax.  9. 

.-.  Z  FDC  is  greater  than  Z  BCD. 
Much  more  then  is  Z  BDC  greater  than  Z  BCD. 
But  because  BC  =  BD, 
.:  Z  BDC  =  Z  BCD;  Prop.  5. 

that  is,  Z  BDC  is  greater  than  and  equal  to  Z  BCD, 
which  is  impossible. 
The  third  case  needs  no  proof,  because  BC  is  not  equal  to 
BD.       Hence  two  triangles  on  the  same  base  and  on  the  same 
side  of  it  cannot  have  their  conleiminous  sides  equal. 
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PROPOSITION  8.  Theorem, 
If  two  triangles  have  tivo  sides  of  the  one  equal  to  ttco  sides  of 
the  other,  each  to  ?.ach,  and  have  likewise  their  bases  equal, 
the  angle  tvhich  is  contained  hy  tlie  two  sides  rfthe  one  shall 
be  equal  to  the  angle  contained  by  the  two  sides,  equal,  to 
them,  of  tlie  other. 


A 


B  C      E 

In  the  A  s  ABC  and  DEF, 
let  AB       =    DE, 
AC       =    DF, 
and  BC       =    EF. 
It  is  required  to  prove  that  /  BAC  =   Z  EDF. 
Apply  the  A  ABC  to  the  A  DEF, 
so  that  B  is  on  E,  and  BC  on  EF 
Then,  because  BC  =  EF, 
C  will  coincide  with  F. 
Then  AB  and  AC  will  coincide  with  I)E  and  DF. 
For,  if  they  do  not,  but  fall  otherwise,  as  GE  and  6-'/', 
then  on  the  same  base  EF,  and  on  the  same  side  of  it, 
there  will  be  two  As,  DEF  ?ind  GEF,  having  equal 
pairs  of  conterminous  sides, 

which  is  impossible.  Prop.  7. 

.-.  BA  coincides  with  ED,  and  AC  with  DF. 
And  hence  /  BAC  coincides  with  and  .'.   =    Z  EDF.       Ax.  8. 


Corollary.  If  two  triangles  liave  the  thi^ee  sides  of  the  one 
respectively  equal  to  the  tlu-ee  sides  of  the  other,  the  triangles 
are  equal  in  all  respects. 
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Questions  on  Proposition  8. 

L  Apply  the  triangles  so  that  they 

may  fall  on  opiDosite  sides  of 

the   common  base  EF.     Join 

DG. 

(a)  What  kind  of  a  triangle  is 

EDG?  FDG? 
(h)  Prove  that  the   ^   EDF  = 
L  EGF. 

(c)  Prove  the  proposition   in   this   way   when   DG   does   not   pass 

between  E  and  F. 

(d)  Prove  the  proposition  when  DG  passe-,  through  the  point  F. 

2.  What  is  meant  by  the  '  parts  of  a  triaigle '  ? 

3.  (a)  What  parts  were  given  equal  in  the  two  triangles  considered  in 

Prop.  '1  ? 
(h)  What  parts  were  proved  equal  ? 

4.  (a)  What  parts  are  given  eqiial  in  Pi-op.  8  ? 
(}))  What  parts  are  proved  equal? 

(r )  Are  the  triangles  equal  in  all  respects  ? 

5.  Is  it  possible  to  make  two  triangles  whose  sides  are  respectively 

equal  to  three  given  straight  lines,  but  which  are  not  equal  in  all 
respects  ? 

EXERCISES. 

\.  The  opposite  sides  of  a  quadrilateral  ABGD  are  eciual. 
Prove  that : 

(a)  The  opposite  singles  are  equal. 

(h)  The  angle  All/)  is  equal  to  the  angle  CDB. 

(c)  The  middle  point  of  BD  is  equidistant  from  A  and  C. 

2.  Show  that  two  circumferences  can  cut  each  other  in  only  one  point 

on  the  same  side  of  the  line  joining  their  centres. 

3.  Two  isosceles  triangles  are  on  the  same  base,  and  on  opposite  sides 

of  the  base.  Prove  that  the  line  joining  their  vertices  bisects  each 
of  the  vertical  angles. 

4.  ABC  is  an  isosceles  triangle,  of  which  AB  and  ylC  are  the  equal 

si  les.  Points  D  and  E  are  taken  in  AB,  and  points  F  and  G  in 
A 0,  such  that  AD  =  AF,  and  AE^  AG,  CD  and  BF intersect 
in  H;  CE  and  BG  intersect  in  K. 
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Prove  that : 


(a)  AHhisects  /.  DAF. 
(h)  L  BDH  =  /.  CFH. 

(c)  EH  =   HG. 

(d)  A,  H  and  A'  are  in  the  same  straight  line. 


PROPOSITION  9.     Problem. 

To  bisect  a  given  rectilineal  o.ngie. 

Ca 


Let  ACB  be  the  given  rectilineal  angle. 

It  is  required  to  bisect  it. 

In  AC  take  any  point  D, 

and  from  CB  cut  off  CE  equal  to  CD.        Vrop.  3. 

Join  DE^  and  on  DE,  on  the  side  remote  from  C, 

describe  the  equilateral  A  DEF,  Prop.  1. 

Join  CF. 
(7/'\shall  bisect  Z  ACB. 
In  As  ECF  and  EC F, 

DC  =  EC,  Constr. 

CF  =  CF, 
and  DF  =  EF,     Drf.  of  equilateral  A 
.-.  Z  DCF  =  Z  ECF.  Vrop.  8. 

That  is,  CF  bisects  Z  ^C^- 
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Questions  on  Proposition  9. 

1.  If  the  equilateral  triangle  were  described  on  the  same  side  of  DE  as 

C,  what  different  cases  would  arise  ? 
Under  what  circumstances  would  the  construction  fail  ? 
3.  Show  that  CF  bisects  DE. 

2.  Show  that  CF  also  bisects  the  angle  DFE. 


PROPOSITION  10.     Problem. 

To  bisect  a  given  straight  line. 

C 


Let  A£  he  the  given  stra.'ght  line. 
It  is  required  to  bisect  it. 
On  AB  describe  an  equilateral  A  ABC.       Prop.  1. 
Bisect  Z  ACB  by  (72),  which  meets  AB  at  I).     Prop.  9. 
AB  shall  be  bisected  at  D. 
In  the  As  ACD  and  BCD, 
AC  =  BC, 

CD  =   CD,     Def.  of  equilateral  A- 
&nd  I  ACD  =   I  BCD,  Constr. 

.-.AD  =  BD.  Prop.  4. 

That  is,  AB  is  bisected  at  D. 

Questions  on  Proposition  10. 

1.  Is  it  necessary  that  the  triangle  described  on  AB  should  be  equi- 

lateral ? 

2.  Show  that  CD  is  at  right  angles  to  AB. 

3.  Every  point  equidistant  from  A  and  B  lies  in  the  line  GD, 
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EXERCISES. 

1.  Divide  a  given  angle  into  four  equal  parts. 

2.  Divide  a  given  straight  line  into  eight  equal  parts. 

3.  On  a  given  base  describe  an  isosceles  triangle  such  that  the  sum  of 

its  equal  sides  may  be  equal  to  a  given  straight  lit  e. 

4.  Produce  a  given  straight  line  so  that  the  whole  line  may  be  five  times 

as  long  as  the  part  produced. 

5.  D,  E  and  F  are  the  middle  points  of  the  sides  of  an  equiangular  tri- 
angle, show  that  the  triangle  DEF  is  equiangular. 

6.  Two  isosceles  triangles,  ABC  and  DBG,  .^tand  on  the  same  base  BC, 

but  on  opposite  sides  of  it.     E  is  tiie  nimaie  po  at  of  AB,  and  F 
the  middle  point  of  ^  C ;  and  BF  and  CE  intersect  at  G. 

(a)  Prove  that  DE  =  DF. 

(h)  Prove  that  i.  EDB  =  L.  FDO. 

(c)  Prove  that  CE  =  BF. 

(d)  Prove  that  i.  DBF  =  L  DCE. 
(e  )  Prove  that  A  GBC  is  isosceles. 

(f)  Prove  that  EG  =  GF. 

(g)  Prove  that  I.  EGD  =  L  FGD. 

(h)  Prove  that  A,  G  and  D  are  in  tb3  same  straight  line. 


Introduction  to  Proposition  11. 

1.  When   is   one   straight   line   said   to  be   perpendicular   to   another 

straight  line  ? 

2.  ABG  is  an  equilateral  triangle,  and  .4  7>  is  a  straight  line  bisecting 

the  vertical  angle  BAG,  and  meetinp  the  base  iu  D 

(a)  Show  that  AD  bisects  the  base. 

(b)  Show  that  AD  is  perpendicular  to  the  base. 
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PROPOSITION  11.       Problem. 

To  draiv  a  straight  line  perpendicular  to  a  given  straight  line 
from  a  given  point  in  the  same. 


Let   AB  be  the  given  straight  line,  and  (J  the  given  point 
in  it. 

It  is  required  to  draw  from  C  a  perpendicular  to  AB. 
In  AC  take  any  point  D. 
From  CB  cut  off  CE  equal  to  CD.  Frop.  3. 

On  DE  describe  the  equilateral  A  DEF.       Frop.  1. 
Join  CF. 
CF  shall  be  perpendicular  to  AB. 
In  the  As  DCF  and  ECF, 

DC  =  EC,  Constr. 

CF  =  CF, 

find  DF  =  EF,     De/.  of  equilateral  ^ 

.-.  /  DCF  =   lECF.  Frop.  8. 

.-.  CF  is  a  perpendicular  to  AB.     Def  of  2^erpendicular. 

Questions  on  Proposition  11. 

1.  Is  it  necessary  that  the  triangle  described  on  DE  should  be  eqiii- 

lateral? 

2.  If  C/)  were  greater  than  CB,  what  additional  step  in  the  construc- 

tion would  be  necessary  2 

3.  Show  how  to  draw  a  perpendicular  from  the  extremity  of  the  line. 

4.  Trove  that  L  FDC  --=  Z-  FEC. 

5.  Can  the  propoiitjou  be  proved  without  the  use  of  Prop.  8  1 
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EXERCISES. 

1.  In  what  line  do  all  points  lie,   which  are  equidistant  from  a  given 

point  ? 

2.  Find  the  line  in  which  all  points  lie  which  are  equidistant  from  two 

given  points. 

3.  Find,   if  possible,   a  point  which  is  equidistant  from   three  given 

points. 

4.  Give  a  construction  for  finding  the  centre  of  the  circle  which  passes 

through  the  three  angular  points  of  a  triangle. 

5.  Find  a  point  whose  distance  from  the  given  point  A  is  equal  to  a 

given  straight  line,  and  whose  distance  from  a  given  point  B  is 
equal  to  another  given  straight  line.     Is  this  always  possible  1 


Introduction  to  Proposition  12. 

1.  Show  that  the  straight  line  which  joins  the  vertex  of  an  isosceles 

triangle  to  the  middle  point  of  the  base,  is  perpendicular  to  the 
base. 

2.  Make  an  isosceles  triangle  whose  vertex  is  _, 

the  point  C,  and  whose  base  is  a  part  of 
the  straight  line  AB^  which  is  not  limited 
in  length.  "• 


B 


PROPOSITION  12.     Problem. 
To  draio  a  straight  line  2)e7-pendic2da7-  to  a  given  straight  line 
from  a  given  point  tvithout  it. 


Let  AB  be  the  given  straight  line,  and  C  the  given  point 
without  it. 

It  is  required  to  draw  from  C  a  perpendicular  to  AB. 
Take  any  point  J)  on  the  other  side  of  AJi. 


30  Euclid's  elements. 
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With  centre  C  and  radius  CD  describe  the   Q    ED?\  cutting 
AB,  or  AB  produced,  at  E  and  /'. 

Bisect  EF  at  G,  Prop.  ]  0. 

and  join  CG. 

GG  shall  be  perpendicular  to  AB. 

Join  CE,  CF. 

In  the  As  CGE  and  CGF, 

EG  =  EG,  Constr. 

GC  =  GC, 

and  CE  =   CF,  Def.  of  © 

.-.  ICGE  =   I  i  GF,  Prop.  8. 

.'.  CG  is  perpendicular  to  AB.       Def  of  perpendicular. 

Questions  on  Proposition  12. 

1.  Prove  Ihe  proposrition  without  the  use  of  Prop.  8. 

2.  Prove  the  proposition  without  the  u?e  of  Prop.  8  or  Prop.  10. 

3.  Is  there  any  objection  to  tak'ng  the  point  D 
(a)  Inlheline^l/i.? 

(h)  Oa  the  same  side  as  C? 

EXERCISES. 
\.  Describe  an  isoscdes  triangle,  having  given  the  base  and  the  length 

of  the  perpendicular  drawn  from  the  vertex  to  the  base. 
2.   In  a  given  straight  line  find  a  point  that  is  equidistant  from  two 

given  points.     Is  this  always  possible  ? 
,'^.   From  two  given  points,  on  opposite  sides  of  a  given  straight  line, 
draw  straight  lines  to  a  point  in  the  given  line,  making   equal 
angles  with  it.     Is  this  always  possible  ? 

4.  A  BO  is  a  triangle,  and  D,  E  and  F  are  the  middle  points  of  the 

sides,  BG,  CA  and  AB  respectively.  From  D  a  straight  line  is 
drawn  perpendicular  to  BC,  and  from  E  another  straight  line  is 
drawn  perpendicular  to  CA,  meeting  1h<^  former  line  in  0.  Show 
that  OFii  perpendicular  to  AB. 
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The  angles  which  one  straight  line  makes  with  another  on  one 
side  of  it  are  together  equal  to  two  right  angles. 


B 


B 


D 


Let  AB  make  with  CD  on  one  side  of  it,  the  Zs  ABC,  ABD. 
It  is  required  to  pi'ove  /  ABC  and  l.  ABD  together 
:  2  right   _   s. 

(1)  If  ^   ABC  =    ^  ABD, 
each  of  them  is  a  right  angle  ;  Def,  of  right  _  . 

.-.   L.  ABC  And  L.  ABD  together  =  2  right  z.  s. 

(2)  If  L  ABC  be  not  =    _.  ABD, 
from  B  draw  BE  perpendicular  to  CD.  Prop.  11. 

Then  l.  s  EBC,  EBD  are  2  right  l  s.  Conslr. 

But    :_  ABC  and  -ABD  together  =    l.  EBC 

and  L.  EBD  together  ;  Ax.  8. 

.-.   L  ABC  Bind  ^  ABD  together  =  2  right  l  s.        Ax.  1. 


Corollary  1.  If  two  straight  lines  intersect,  the  four  angles 
which  they  make  at  the  point  where  they  cut  ai-e  together 
equal  to  four  right  angles. 

Corollary  2.  All  the  successive  angles  made  by  any 
number  of  straight  liiies  meeting  at  one  «point  are  together 
equal  to  four  right  angles 

Corollary  3.  Two  straight  lines  cannot  have  a  common 
segment. 
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EXERCISES. 

1  The  angles  ABC  and  ABD,  which  are  made  by  the  straight  line  AB 
standing  on  the  straight  line  CD,  are  bisected  by  the  straight  lines 
BE  and  BF.     Show  that  the  angle  EBF  is  a  right  angle. 

2.  If  the  two  exterior  angles  formed  by  producing  a  side  of  a  triangle 

both  ways  are  equal,  show  that  the  triangle  is  isosceles. 

3.  Show  that  the  angles  of  a  triangle  formed  by  a  diagonal  and  two  of 

the  sides  of  a  S(juare,  together  equal  two  right  angles. 

4.  Construct  an  angle  equal  to  half  a  right  angle. 

5.  Make  a.n  isosceles  triangle  having  each  of  its  base  angles  equal  to 

half  a   right  angle,  and  eacli  of  the  equal  sides  equal  to  a  given 
straight  line. 

6.  If  one  of  the  four  angles  wliich  two  intersecting  straight  lines  make 

with  each  otiier  be  a  riglit  angle,  all  the  others  are  right  angles. 


PROPOSITION    U.     Theorem. 

If  at  a  point   in  a  straight  line,   tico   other  stralylit  lines  on 
opposite  sides  of  it  make  the  adjacetd  angles  together  equal 
to  tico  right  angles,  these  tiro  straiglit  angles  shall  be  in  one 
atid  the  same  straight  line. 
A\ 


C  B  .) 

At  the  point  B  in  AB,  let  BC  and  BD,  on  opposite  sides  of 
AB,  make  /  ABC  and  /  ABD  together  =  2  right  /s. 
It  is  required  to  prove  BD  in  the  same  straight  line  with  BC. 
If  BD  be  not  in  the  same  straight  line  with  BC, 

produce  CB  to  E  ;  Post.  2. 

then  BE  does  not  coincide  with  BD. 
Now,  since  CBE  is  a  straight  line, 
.-.  Z  ABC  and  /  ABE  together  =  2  right  /  s.     Pro;;.  13. 
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But  I  ABC  aud  Z  ABD  together  =   2  riglit  Z  s  ;  Hyp. 

.-.    Z    ABC  and    Z    ABE   together   =   Z    ABC  and    Z    -4^i) 
together.  Ax.  1. 

Take  away  from  these  equals  Z  ABC,  which  is  common  ; 

.-.   Z  ABE   =    Z  ^J^A  ^■^■-  3- 

which  is  impossible. 
.•.  BE  must  coincide  with  BD  ; 
that  is,  i^D  is  in  the  same  straight  line  with  BC. 

Questions  on  Proposition  14. 

1.  What  relation  does  Prop.  14  bear  to  Prop.  13  ? 

2.  Show  the  necessity  of  the  words  '  on  opposite  sides '  in  the  enun- 

'  elation. 

When  two  straight  lines  intersect  each  other,  the  opposite 

angles  are  called  vertically  opposite  angles. 


PROPOSITION    15.     Theorem. 

If  two  straight  lines  cut  one  another,   the  verticaUy   opposite 
angles  shall  be  eqiml: 


Let  AB  aud  CD  cut  one  another  at  E. 
It  is  requix'ed  to  prove  that  Z  AEC  =   Z  BED, 
and  Z  BEC  =  Z  A  ED. 
Because  CE  stands  on  AB, 
:  Z  AEC  and  Z  -BEC  together  =  2  riglit  Z  s.  Bro/>.  13. 
Because  BE  stands  on  CD, 
.:  Z  BEC  and  Z  J^-ED  together  =  2  right  Z  s-    ^'rop.  '3. 
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.-.  L.  AEC  and  /  BEG  together  =   /  EEC  and  Z  BED 

together.  Ax.  1. 

Take  away  from  these  equals  /  BEC,  which  is  common. 

.-.  Z  AEG  =  Z  BED.  Ax.  3. 

Sunilarly,  Z  BEG  =  Z  AED. 

EXERCISES. 

1.  If  four  straight  lines  meet  at  a  point  so  Ihat  the  opposite  angles  are 

equal,   these  straight  lines  are  two  and  two  in  the  same  straight 
line. 

2.  What  relation  does  the  ahove  theorem  bear  to  Prop.  15? 

3.  Show  that  the  bisectors  of  either  pair  of  vertically  opposite  angles, 

in  Pi  op.  15,  are  in  tlie  same  straight  Jne. 

4.  Show  that,  if  ^S  is  T)°rpendicu1ar  to  the  straight  line  CD,  which  it 

meets  at  B,  ihen  ii  AB  is  pioJaced  to  JS",  BE  is  also  perpendicular 
to  CZ>. 

5.  From  two  gi^en  points  on  the  same  side  of  a  given  straight  line, 

show  how  to  draw  two  straight  hnes  which  shall  meet  at  a  point 
in  ihe  given  straight  lin?  and  make  equal  angles  with  it. 

6.  Ill  ihe  figure  of  Prop.  15,  made  EB  equil  to  ED,  and  ^C equal  to 

KA,  and  join  AD,  JJB  and  BO.    Thtn  prove  the  angle  A  ED  equal 
to  ihe  ang'e  CEB,  wi  hout  assuming  any  proposition  after  Prop.  5. 

7.  The  ci  le  ^C  of  the  triangle  ABC  is  bisected  at  E,  and  BE  is  drawn 

and  produced  to  F,  inakiug  £'^ equal  to  EB. 
Show  that : 

(a)  FC  =  AB. 

(h)   L.  FCE  =   L  BAE. 
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PROPOSITION   16.      Theorem. 

If  one  side  of  a  triangle  be  produced,  the  exterior  anyle  alinlJ  he 
yr eater  than  either  oft/.e  interior  opposite  angles. 


Let  ABC  be  a  triangle,  and  let  BC  be  produced  to  D. 

It  is  required  to  prove   _  ACD  greater  than  l   BAC, 

and  also  greater  than   :_  ABC. 

Bisect  AC  at  E.  Prop.  10. 

Join  BE,  and  produce  it  to  F,  making  BF  =  FB.   Prop.  3. 
Join  CF. 
In  As  AEB  and  CFF, 

AE  =  CE,  Gonstr. 

EB  =  EF,  Constr. 

and   L.  AEB  =    l   CEF,  Prop.  15. 

.-.   L  EAB  =    ^  ECF.         Prop.  4. 
But  L  ACD  is  greater  than  _   ECF;  A.r.  9. 

.-.  z.  ACD  is  greater  than  ^   EAB. 
Also,  if  ^C  be  produced  to  G, 
L.  BCG  is  greater  than  l.  ABC. 

Byxt  I.  ACD  =    L  BCG ;  Prop.  15 

.-.  L  ^CZ>  is  greater  than  L  ABC. 
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PROPOSITION  17.     Thkorem. 
Any  tivo  aaghs  of  a  triangle  are  together  less  than  tico  right 
angles. 


B  C 

Let  ABC  be  a  triangle. 
It  is  required  to  prove  the  sum  of  any  two  of  its  angles 
less  than  two  right  angles. 
Produce  BC  to  D. 
Then  Z  ABC  "s  less  than  /  ACD.         Prop.  16. 
.-.  z  ABC  and  /  ACB  are  together  less  than  /  ACD  and 
/  ACB  together. 
But  Z  ACD  and  Z  ACB  together  =  two  right  Zs.     Prop.  13. 
.•.  Z  ABC  and  Z  A(jB  are  together  less  than  two  right  Zs. 
Now  Z  ABC  and  Z  ACB  are  any  two  angles  of  the  triangle; 
.".  any  two  angles  of  a  triangle  are  together  less   than  two 
right  angles. 

Questions  on  Proposition  17. 

1.  Show  that  the  proposition  can  be  proved  by  joining  the  vertex  to  a 

point  in  the  opposite  side. 

2.  State  Axiom  12. 

3.  Enunciate  Prop.  17  and  Axiom  12,  so  as  to  show  that  they  are  con- 

verse theorems. 


EXERCISES. 


1.  ^  is  a  given  point  and  BC  a  given  straight  line. 

{a)  Find  a  point  in  BG,  whose  distance  from  A  is  equal  to  the  length 

of  another  straight  line  DE. 
(h)  Show  that  two,  and  not  more  than  two,  such  straight  lines  can  be 

drawn. 
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(rj  Show  that  only  one  perpendicular  can  be  drawn  from  A  to  BC. 

3.  P  is  any  point  within  the  triangle  ABC,  and  PA  and  PB  are  joined. 

Show  that  the  angle  APB  is  greater  than  the  angle  AGB. 

4.  Show  that  two  angles  of  every  triangle  must  be  acute  angles. 

5.  Show  that  two  exterior  angles  of  every  triangle  must  be  obtuse  angles. 

Of  what  triangle  will  the  three  exterior  angles  be  obtuse  ? 

6.  In  the  figure  of  Prop.   16,  show  that  the  area  of  the  tria  g\e  A  BG  is 

equal  to  the  area  of  the  triangle  FBC. 


PROPOSITION  18.     Theorem. 

The  (/theater  side  of  a  trian.(/le  has  tlie  greater  angle  opp<^site  to  it 
A,' 


Let  ABC  be  a  triangle,   having  AC  greater  than  AB.      It  is 
required  to  prove  /  ABC  greater  than  /  ACB. 

From  AC  cut  oQ  AD  eqvial  to  AB^  Prop.  3. 

and  join  BT). 
Because  Z  ADB  is  an  exterior  angle  of  A  J^CD, 

.-.  Z  ADB  IS  greater  than  Z  ACB.  Prop.  16. 

But  Z  ADB  =  Z  ABD,  since  AB  =  AD  ;      Prop.  5. 
.-.  Z  ABD  is  greater  than  Z  A-CB. 
Much  more,  then,  is  Z  ABC  greater  than  z  ACB. 

Questions  on  Proposition  18. 
\.  S'ate  the  hypothesis  and  lhe  conclusion  of  Prop.  18. 
2.  Is  Prop.  18  equivalent  to  the  theorem,  "the  greatest  side  of  a  triangle 
has  the  greatest  angle  opposite  to  it  "  ? 


EXERCISES. 

Prove  Prop.  18  by  producing  the  shorter  side. 

A  BCD  is  a  quadrilateral  of  which  AD  'n  the  longest  side,  and  BC 
the  shortest  ;  show  tliat  the  angle  ABC  is  greater  than  the  angle 
A  DC,  and  the  angle  BCD  greater  than  the  angle  BA  D, 
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PROPOSITION  19.     Theorem. 

The  greater  angle  of  a   triangle  has   the  greater  side  opposite 
to  it. 


C 

Jjet  ABC  be  a  triangle  having  /  ABC  greater  than  /  ACB. 
It  is  required  to  prove  AC  greater  than  AB. 
If  ^C  be  iiot  greater  than  A£, 
then  AC  must  be  equal  to  AB,  or  less  than  AB. 
If  AC  =  AB, 
then  Z  ABC  =  Z  ACB.  Prop.  5. 

But  it  is  not.  -^i/p- 

.-.  AC  is  not  equal  to  AB. 
li  AC  he  less  than  AB, 
then  Z  ABC  is  less  than  Z  ACB.  Prop.  18. 

But  it  is  not.  Hyp. 

.-.  AC  is  not  less  than  AB. 
Hence  AC  must  be  greater  than  AB. 

Questions  on  Proposition  19. 
L   Enunciate  the  converse  of  Prop.  19. 

2.  Is  Prop.  19  equivalent  to  the  theorem  "the  greatest  angle  of  a  tri- 
angle has  the  greatest  side  opposite  to  it  ?  " 


EXERCISES. 

1.  In  an  obtuse-angled  triangle  the  greatest  side  is  opposite  the  obtuse 

angle  ;  and  in  a  right-angled  triangle  the  greatest  side  is  opposite 
the  right  angle. 

2.  Show  that  three  equal  straight  lines  cannot  be  drawn  from  a  given 

point  to  a  given  straight  line 
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3.  The  perpendicular  it  the  shortest  line  that  can  be  dra'^^n  from  o. 
given  poiut  1 1  a  ^iv^u  siraight  lino:  and  of  the  o  hsrs  tliat  wl.ii.h 
is  ueaier  the  perptuilicu'.ac  is  less  than  the  one  more  remoti'. 

■i.  Any  straight  line  drawn  from  the  v^  rtex  of  an  isi  sceles  triangle  to 
a  p  )iat  in  the  has 3  is  loss  than  either  of  the  equal  sides. 

5.  Euuacij.te  and  prove  a  th-orem  siniilar  to  Ex.  4,  when  the  point  is 

tak.  n  in  the  bise  produced. 

6.  The  vertical  angle  AUG  of  the  triangle  ABC  is  bisected  by  the 

straight  line  BD,  which  meets  tho  ba^^e  i.i  D.     Show  that  AB  is 
greater  than  AD,  and  CB  is  greater  thau  CD. 


PROPOSITION  20.      Theokem. 
Any  two  sides  of  a  triangle  are  together  greater  than  the  third 
side. 


B  C 

Let  ABC  be  a  triangle. 
It  is  required  to  prove  that  any  two  of  its  sides  are  together 
greater  tlian  the  third  side. 

Produce  BA  to  D,  making  AD  equal  to  AC.     Prop.  3. 

Join  CD. 
Then  I  ACD  =   I  ADC,  since  JZ>  =  AC.     Prop.  5. 
But  Z  BCD  is  greater  than  /  ACD  ; 

.:  I  BCD  is  greater  than  Z  ADC, 
,  ■.  BD  is  greater  than  BC.  Prop.  1 9 

But  BD  =  BA  and  ylC  together  ; 
•.  BA  and  A  C  are  together  greater  than  BC. 
Now  BA  and  A  C  are  an}'  two  sides  ; 
,  *.  any  two  sides  of  a  triangle   axe   together  grea  t+'r  than    thp 
third  side. 
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EXERCISKS. 


1.  Prove  Prop.  20,  by  bisecting  the  vertical  angle  by  a  straight  line 

which  meets  the  base. 

2.  Prove  Prop.  20,  by  drawing  a  perpendicular  from  the  vertex  to  the 

base. 

3.  (a)  In  the  figure  of  Prop.  16,  prove  that  Ci^  is  equal  to  AB. 

(h)  Hence  prove  that  the  sum  of  any  two  sides  of  a  triangle  is  greater 
than  twice  the  straight  line  drawn  from  the  middle  point  of 
the  third  side  to  the  opposite  vertex. 

4.  (a)  Prove  that  the  sum  of  the  sides  of  any  quadrilateral  is  greater 

than  twice  either  diagonal. 
(h)  Hence  prove  that  the  sum  of  the  sides  is  greater  than  the  sum  of 
the  diagonals. 

5.  Take  any  point  0,   and  join  to  the  angular  points  of  the  triangle 

ABC. 
(a)  Prove  that  the  sum  of  OA  and  OB  is  greater  than  AB. 
(h)  Prove  that  twice  the  sum  of  OA,  OB  and  OG  is  greater  than  the 
sum  of  the  sides. 
P.  If  a  point  be  taken  within  a  r'..adrilateral,  and  joined  to  each  of  the 
angular  points,  show  that  the  suit,  of  these  joining  lines  is  the  least 
possible,   when  the  poitit  taken  is  the  point  of  intersection  of  the 
diagonals. 

7.  Four  points  lie  in  a  plane,  no  one  of  them  being  within  the  triangle 

formed  by  joining  the  other  three.     Find  the  point,  the  sum  of 
whose  distances  from  these  four  points  is  the  least  possible. 

8.  A  point  P  is  taken  within  the  triangle  ^y?(7.     Show  that  the  sum  of 

the  sides  AB  and  ^4C  is  greater  than  the  sum  of  PB  and  PC. 

9.  In  any  triangle,  the  diiieitnce  betvTetn  any  two  sides  is  less  than  the 

third  side. 
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PROPOSITION  21.     Theorem. 
If,  from  the  ends  of  a  side  of  a   trimigle,   there  he  drawn  two 
straight  lines  to  a  jJoint  within  the  triangle,  these  will  he 
together  less  than   the  other  sides   of  the  triangle,  hut  wllJ 
contain  a  greater  angle. 

A, 


•B  C 

Let  ABC  be  a  l\,  and  from  B  and  C  let  BD  and  CD  be 
drawn  to  any  point  D  within  the  /\. 

It  is  required  to  prove  tha,t  BD  and  DC  are  together  less 
than  BA  and  AC,  but  that  Z  BDC  is  greater  than  /  BAC. 
Produce  BD  to  meet  A^C  in  E. 
Then  BA  and  AE  are  together  greater  than  BE.     Prop.  20. 

Add.  to  each  EC. 
Then  BA  and  A  C  are  together  greater  than  BE  and  EG. 
Again,  DE  and  EC  are  together  greater  than  DC.      Prop.  20. 

Add  to  each  BD. 
Then  BE  and  EC  are  together  greater  than  BD  and  DC. 
And  it  has  been  shown  that  BA  and  A  G  are  together  greater 
than  BE  and  EC ; 
.-.  BA  and  AC  are  together  greater  than  BD  and  DC. 
Next,  because  /  BDC  is  greater  than  /  DEC,        Prop.  16. 
and  /  DEC  is  greater  than  /  BAC,  Prop.  16. 

■.  Z  BDC  is  greater  than  /  BAC. 

EXERCISES. 
L  In  the  figure  ^f  Prop.   21,  join  DA,  and  show  that  the  sum  of  DA, 

DB  and  DC  is  less  than  the  sum  of  the  sides  of  the  triangle  ABC, 

but  greater  than  half  the  sum. 
2.   In  the  figure  of  Prop.  21,  show  that  the  angle  BDC  is  greater  than 

the  angle  BAC,  by  joining  AD  and  producing  it  towards  the  base. 
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PROPOSITION  22.     Problem. 
To  make  a  triangle  the  sides  ofwli  ch  shall  he  equal  to  three  given 
straight  lines,  any  tivo  of  fi'hich  are  greater  than  the  third- 

A 

B 

C 


Let  A,  B,  C  be  the  three  given  straight  lines,  any  two  of 
which  are  greater  than  the  third. 

It  is  required  to  make  a  triangle  the  sides  of  which  shall  be 
respectively  equal  to  A,  B  and  G. 

Take  a  straight  line  DE  terminated  at  D,   but  unlimited 
towards  E. 

From  it  cut  oS  DF  =  A,  FG  =  B,  GH  =  C.         Prop.  3. 
With  centre  F  and  radius  FD,  describe  the  0  DKL. 
With  centre  G  and  radius  GH,  describe  the  0  HKL, 
cutting  the  other  circle  at  K. 

Join  KF,  KG. 
KFG  is  the  triangle  required. 

Because  FK  =  FD,  Def.  of  0. 

.-.    FK  =  A. 
Because  GK  =  GH,  Def  of  0. 

.-.  GK  =  a 

And  FG  was  made  equal  to  B. 

.-.  A  KFG  has  its  sides  respectively  equal  to  A,  B  and  C. 

Questions  on  Prop.  22. 

L  Why  does  the  enunciation  state  that  any  two  of  the  given  lines  are 

together  greater  than  the  third  ? 
2.   Will  the  circumferences  of  two  circles  intersect,  if  the  sum  of  their 
radii  ia  greater  than  the  distance  between  their  centres  ? 
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PROPOSITION  23.     Problem. 

At  a  given  point  in  a  given  straight  line,   to  Vixake  an  angle 
equal  to  a  given  angle. 
C 


Let  AB  be  the  given  straight  line,   A  the  given  point  in  it, 
and  /  DCE  the  given  angle 

It  is  required  to  make  at  A  an  angle  equal  to  /  DCE. 
In  CD,  CE  take  any  points  D,  E. 
Join  DE. 
Make  A  ^FG,  such  that  AF  =   CD,  FG  =  DE,  and 
GA   =  EC.  Prop.  22. 

BAG  is  the  required  angle. 
In  the  As  AFG  and  ODE, 
AF  =  CD, 
AG  ^  CE, 
and  FG  =  DE, 

.:  Z  FAG  =  I  DCE.  Prop.  8. 


EXERCISES. 

1.  Prove  Prop.   23,   giving  all  the  construction,   instead  of  assuming 

Prop.  22. 

2.  Construct  a  triangle,  having  given  two  sides  and  the  angle  between 

them. 

3.  Construct  a  triangle,   having  given  the  base,  and  having  the  angles 

adjacent  to  the  base  ecfual  to  two  given  angles. 
Is  this  always  possible  \ 
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PROPOSITION  24.     Theorem: 
If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of 
the  other,  each  to  each,  hut  the  contained  angles  unequal, 
the  base  of  the   triangle  tvhich  has  the  greater  contained 
angle  shall  he  greater  than  the  hase  of  the  other. 
A  D 


H    O 

Let  ABC,  DEF  be  two  triangles,  having  AB  =  DE, 
AC  =  DF,  but  /  Z?.tl(7  greater  than  L  EDF. 
It  is  required  to  prove  BC  greater  than  EF. 

At  D  make  Z  EDG  equal  to  Z  BAC. 
Cut  off  DG  equal  to  ylC  or  DF. 
Join  EG. 
Bisect  Z  FDG  by  DH,  meeting  EG  &t  H ; 
and  if  F  does  not  lie  on  EG,  join  FH. 
In  the  AS  ABC  and  DEO, 
BA  =  ED, 
AC  =  DG, 
and  I  BAG  =  I  EDG, 

.-.  BC  =  EG. 
Again,  in  the  A  s  FDH  and  GDH, 
FD  =  GD, 
DH  =  DH, 
and  Z  -f'Z)^  =  Z  G^Z>^, 

.-.  FH  =  GH. 

Hence  ^//  and  i^//  together  =  EH  and  6'//  together  =  EG 
But  i7//  and  FH  are  together  greater  than  EF  \     Prop.  20 
.•.  ^6^  is  greater  than  EF ; 
.-.  BC  IB  greater  thaa  EF. 


Prop.  23. 
Prop.  3. 

Pro;).  9. 


Hyp. 

Constr. 

Constr. 

Prop.  4. 

Constr. 

Constr. 
Prop.  4. 
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PROPOSITION  25.      Theorem. 

If  two  triangles  have  two  sides  of  the  one  respectively  equal  to 
ttvo  sides  of  the  other,  hut  their  bases  unequal,  the  angle 
contained  by  the  two  sides  of  the  triangle  which  has  tlie 
greater  base  shall  be  greater  than  the  angle  contained  by 
the  two  sides  of  the  other. 


Let  ABC,  DBF  he  two  triangles,  of  which  AB  =  DE, 
AC  —  DF,  but  base  BC  is  greater  than  base  EF. 
It  is  required  to  prove  /  54  C  greater  than  /  EDF. 
If  £  BAG  be  not  greater  than  /  EDF,  it  must  be  eitner 
equal  to  it  or  less  than  it. 

But  I  BAC  \&  not  =  Z  EDF, 
for  then  base  BC  would  be  equal  to  base  EF.  Prop.  4 
But  it  is  not.  Hyp. 

And  Z  BACis  not  less  than  Z  EDF, 
for  then  base  BG  would  be  less  than  base  EF.     Frop.  24. 
But  it  is  not.  t^VP 

.-.  Z  BAG  must  be  greater  than  Z  EDF. 

EXERCISES. 

\.  Show  that  Prop.  24  and  Prop.  25  are  converse  propositions. 

2.  Assuming  the  truth  of  Prop.  25,  deduce  the  truth  of  Prop.  24. 

3.  D  is  the  middle  point  of  the  side  BG  of  the  triangle  A  BC.     Prove 

that  the  angle  ADB  is  greater  or  less  than  the  angle  ADC,  accord- 
ing as  .4  5  is  greater  or  less  than  A  C. 

4.  State  and  prove  the  converse  of  the  preceding  theorem. 
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PROPOSITION  26.      Theorem. 

//*  two  triangles  have  ttvo  angles  of  the  one  eqtml  to  tivo  angles 
of  the  other,  each  to  each,  and  one  side  equal  to  one  side, 
namely  either  the  sides  adjacent  to  the  equal  angles,  or  the 
sides  cypposite  to  equal  angles  in  each  ;  then  shall  the  other 
sides  he  eq^ial,  each  to  each,  and  also  the  third  angle  of  the 
one  equal  to  the  third  angle  of  tlie  other. 


In  As  ABC  and  BEF, 
let  L  ABC  =   L.  DEF,  and  l  ACB  =    l  DFE. 
Fifst,  let  the  sides  adjacent  to  the  equal    .l  s  in  each  be  equal, 
.hat  is,  let  BG  =  EF. 

It  is  required  to  prove  that  yl5  =  DE,  AC  =  DF^ 
and   _    BAG  =    -   EDF. 

For  if  A  B  be  not  equal  to  DE,  let  A  B  be  the  greater,  and  make 
GU  —  DE,  and  join  GC. 

Then  in  As  GBG  and  DEF, 
GB  =  DE, 
BG  =  EF, 
and  /.  GBG  =    L  DEF, 

.-.  L  GCB  =   L  DFE.  Prop.  4. 

'But  L  AGB  =   L  DFE,  Hyp. 

.:  L  GCB  =    ^  ACB; 
which  is  impossible. 
.-.  AB  is  not  greater  than  DE. 
Similarly  it  may  be  shown  that  ^i5  is  not  less  than  J^'E. 
,:  AB  =  DF. 
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Then  in  As  ^BG  and  DEF, 
heca,nseAB=DB,  £C  =  EF,  and  l.  ABC  =  L  DEF, 

.'.  AC  =  DF,  and  i.  BAC  =  L  EDF.       Prop.  4. 
Next,  let  the  sides  which  are  opposite  to  equal  angles  in  each 
triangle  be  equal,  that  is,  let  AB  =  DE. 

It  is  required  to  prove  that  AC  =  DF,  BC  =  EF, 
and  Z  BAC  =  Z  EDF. 


C        E  P 

For  if  BG  he  not  equal  to  EF,  let  BC  be  the  greater,  and  make 
BH  =  EF,  Sind  join  AIL 

Then  in  As  ABH  and  DEE, 
AB^.DE,  and  BE  =  EF,  and  z  ABH  =^  Z  DEF, 

.:  Z  AIIB=  Z  DFE.  Frop.  4. 

'But  ^  ACB=  I.  DFE,  Hyp. 

.  .   L  AHB=  L  ACB; 

that  is,  the  exterior   _  of  A  ARC  is  equal  to  the  interior  and 

opposite  L.  ACB,  which  is  impossible.  Prop.  16. 

.•.  BG  is  not  greater  than  EF. 

Similarly  it  may  be  shown  that  BC  is  not  less  than  EF. 

.-.  BC^EF. 

Then  \s.  /S.^  ABG  and  DEF, 

because  AB  =  DE,  BC==EF,&nd  l  ABC=  /.  DEF, 

.:  AC =DF,  and  Z  BAG  =  Z  EDF.  Prop.  4. 
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EXERCISES. 


\.  The  angle  BAG  is  bisected  by  the  Hue  AD.  From  D  the  lines  DB 
and  DG  are  drawn  making  the  angles  ADBsmd  ADC  equal.  Prove 
that  DB,  DG  are  equal. 

2.  The  bisector  AD  oi  the  angle  BAG  of  the  triangle  ABG  meets  BG 
in  D.  Prove  that  if  the  angles  ADB,  ADG  are  equal,  the  triangle 
is  isosceles. 

3.  The  equal  angles  of  an  isosceles  triangle  ABG  are  bisected  by  the 
lines  BD,  GE,  which  meet  the  opposite  sides  in  D  and  E  respec- 
tively ;  prove  that  BD  and  GE  are  equal, 

4.  Any  point  in  the  bisector  of  an  angle  is  equidistant  from  the  arms 
of  the  angle. 

5.  Find  the   point  in  the  base  of  a  triangle  which  is  equidistant  from 

the  sides. 

6.  Prove  Prop.  26   by  superposition. 

7.  If  two  sides  of  a  triangle  be  produced,  prove  that  the  two  bisectors 
of  the  angles  so  formed  meet  at  a  point  equidistant  from  the  three 
sides  of  the  triangle. 


EXERCISES  ON  PROPOSITIONS  1-26. 

The  vertical  angle  BAG  oi  an  isosceles  triangle  ABG  is  bisected 
by^Z>.  If  any  points  be  taken  in  AD,  prove  that  EB  equals 
EG. 

ABG  is  a  triangle  such  that  AB  equals  AG.  A  line  GD  is 
drawn  to  cut  AB  in  D;  the  point  E  is  taken  in  ^C  such  that  AE 
equals  AD.  Prove  that  the  angle  AEB  is  equal  to  the  angle  ADG. 
If  the  opposite  sides  of  a  quadrilateral  are  equal,  the  opposite  an- 
gles arc  equal. 

yl  i?  is  a  given  straight  line  and  C  is  a  given  point  ;  draw  through 
A  and  C  a  straight  line  AD  whose  length  is  four  times  AB. 
Describe  an  equilateral  triangle  having  a  given  point  A   for  the 
middle  point  of  one  side,  and  having  each  of  the  sides  equal   in 
length  to  a  given  straight  line  BC. 

In  a  given  circle  BCD  place  a  straight  line  i?(7 equal  to  the  straight 
line  AE,  and  having  its  extremities  B  and  G  in  the  circumference. 
Is  this  always  possible? 
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7.  Upon  the  base  BC  describe  a  triangle  such  that  the  perpendicular 
from  the  vertex  on  the  base  equals  a  given  straight  line  EF,  and 
cuts  the  base  in  D. 

8.  Describe  a  quadrilateral  having  given  the  length  of  each  side,  and 
c  f  one  diagonal. 

9.  Construct  a  quadrilateral  having  each  of  its  sides  equal  to  a  given 
straight  line,  and  having  one  of  its  angles  equal  to  a  given  angle. 

10.  If  the  diagonals  of  a  quadrilateral  bisect  each  other,  the  opposite 
sides  and  angles  are  equal. 

1 1.  A.iy  three  sides  of  a  quadrilateral  are  together  greater  than  the 
fourth  side. 

12.  If  a  quadrilateral  has  four  equal  sides  and  equal  diagonals,  it  is  a 
square. 

13.  If  two  right  angled  triangles  have  equal  hypotenuses,  and  a  side  of 
one  equal  to  a  side  of  the  other,  they  are  equal  in  every  respect. 

14.  AB,  AG  are  the  equal  sides  of  an  isosceles  triangle  ;  BD  and  CD 
are  drawn  perpendicular  respectively  to  ^^  and  ^C  to  meet  in 
D.  Prove  that  BD  equals  CD,  and  that  AD  bisects  the  angle 
BAG. 

15.  ABC  is  a  triangle,  BC  is  the  base,  and  ^C  is  greater  than  ^5. 
A  is  joined  to  D,  the  middle  point,  of  BC.  Prove  that  the  angle 
ADO  is  obtuse. 

16.  If  E  is  any  point  in  AD,  of  Ex.  15,  and  E  be  joined  to  B  and  C, 
prove  that  EB  is  less  than  EG. 

17.  P  is  any  point  in  the  plane  of  the  angle  BAG ;  show  how  to  draw 
through  P  a  straight  line,  which  will  make  an  isosceles  triangle 
with  the  arms  of  the  angle  BA  C. 

18.  The  base  of  a  triangle  is  produced  both  ways,  and  the  exterior  an- 
gles are  bisected.  Prove  that  the  point  of  intersection  of  these  lines 
is  equidistant  from  the  sides  of  the  triangle  ;  also,  that  the  line 
joining  this  point  of  intersection  to  the  opposite  angle  of  the  tri- 
angle bisects  the  angle. 

19.  If  one  side  of  a  triaigle  be  less  than  another,  the  angle  opposite  the 
less  side  must  be  acute. 

20.  Prove  that  the  sum  of  the  perpendiculars,  drawn  from  the  vertices 
of  a  triangle  to  the  opposite  sides,  is  less  than  the  perimeter  of  the 
triangle. 

21.  Prove  that  the  sum  of  the  three  lines  joining  the  middle  points  of 
the  three  bidts  ot  a  triangle  to  the  opposite  vertices  is  less  thftu  the 
perimeter  of  tlu  triangle. 
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2\  In  any  triangle  ABC,  D  is  any  point  in  the  biss  BC.  Prove  that 
AD  is  less  than  the  greater  of  the  two  sides,  AB  and  AC. 

•23.  Two  sides,  AB  and  AC,  of  the  triangle  ABC,  are  produced  to  Z> 
and  E  respectively,  and  the  angle  DBC  is  equal  to  the  angle  i.CB. 
Show  that^i?  is  equal  to  AC. 

24.  E  is  the  point  of  intersection  of  the  diagonals  of  the  square  ABCD, 
F is  the  middle  point  of  AB,  and  O'  the  middle  point  oiBC.  EF 
is  produced,  making  FH  equal  to  EF  ;  and  EC  is  produced,  mak- 
GK  equal  to  EG.  Show  that  H,  B  and  K  lie  in  the  same  straight 
line. 

25.  Construct  a  right-angled  triangle,  having  given  the  hypotenuse  and 
the  sum  of  the  sides. 

2G.  Construct  a  triangle,  having  given  each  of  the  angles  at  the  base 
and  the  perimeter  of  the  triangle. 

27.  Construct  a  triangle,  having  g  ven  two  sides  and  an  angle  opposite 
to  one  of  them. 

How  many  solutions  are  generally  possible  ': 

28.  Construct  a  triangle,  having  given  the  base,  on-^  of  the  angles  at 
the  base,  and  the  sum  of  the  sides. 

29.  Construct  a  triangle,  having  giv<  n  the  base,  one  of  tlie  angles  at  the 
base,  and  the  difference  of  the  si  "es. 

30.  If  one  angle  of  a  triangle  is  equal  to  the  sum  of  the  other  two,  the 
triangle  can  be  divided  into  two  isosceles  triangles. 

31.  Given  three  sides  of  a  quadriiiterai,  ana  tne  angles  aaiacent  to  one 
of  them;  construct  the  quaariiatera!. 

32.  The  vertex  A  of  the  triangle  ABC  is  joined  to  D,  the  middle  point 
of  the  base.  AD  is  produced  to  E,  making  DE  equal  to  AD,  and 
B  and  E  joined.  Prove  that  the  angle  EBD  is  equal  to  the  angle 
BCA. 

33.  D  is  the  middle  point  of  the  hypotenuse  AB  oi  the  right-angled 
triangle  ABC.  CD  is  drawn  and  produced  to  E,  making  DE 
equal  to  C'Z>.     Show  that  the  angle  ^^J5  is  a  right  angle. 

34.  Construct  a  rhombas  having  its  diagonals  equal  to  two  given  straight 
lines. 

35.  ABCD,  EFGH  are  two  squares.  If  they  be  placed  fco  that  f  falls 
on  C,  and  FE  a\oi\g  CD,  sho.v  that  FG  wiW  either  fall  along  CB, 
or  in  the  same  stiaight  line  with  it. 

.36.  The  three  exterior  angles  of  a  triangle,  made  by  producing  the  .sides 

in  succession,  are  together  greater  than  three  right  angles. 
^7.  Through  a  given  point  draw  a  straight  line,  such   that  the  per- 
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pendiculars  drawn  from  two  given  points  to  it  may  be  equal,  and 
on  opposite  sides  of  it. 

38.  In  a  given  straight  line  find  a  point  the  difference  of  whose  dis- 
tances fiom  two  given  points  on  the  same  side  of  the  line  may  be 
the  greatest  possible. 

Examine  the  case  where  the  given  points  are  situated  on  opposite 
sides  of  the  given  line. 

39.  Three  equal  straight  lines,  OA,  OB  and  06' are  equally  inclined  to 
each  other  ;  if  their  extremities,  A,  B  and  C  be  joined,  prove  that 
ABC  is  an  equilateral  triangle. 

40.  If  the  angles,  AOB,  BOG  a.nd  COA,  in  Ex.  .39,  be  bisected  by  the 
lines  OD,  OEamd  Oi^ respectively,  which  meet  AB,  BC  and  CA 
in  D,  E  and  F ;_  prove  that  OD,  OE  and  OF  are  equal  and  equally 
inclined  to  one  another. 

41.  If  through  the  extremities  of  the  lines  in  Ex.  39,  perpendiculars  be 
drawn,  prove  that  the  triang'e  formed  by  these  perpendiculars  is 
equilateral,  and  that  A,  B  and  G  bitcct  the  sides. 

42.  On  the  sides  of  a  square,  and  remote  from  it,  equilateral  triangles 
are  described,  and  their  vertices  joined  in  order.  Prove  that  the 
quadrilateral  so  formed  is  equilateral,  and  that  its  diagonals  and 
those  of  the  square  intersect  in  the  same  point. 

43.  Will  Ex.  42  be  true,  if,  instead  of  describing  equilateral  triangles, 
we  describe  equal  isosceles  triangles  ? 

Note. — In  the  following  dedu3tion.«,  afsume  as  Ihe  definition  of  a 
rectangle,  that  it  is  "a  quadrilateral,  with  its  opposite  sides  equal, 
and  all  its  angles  right  angles. " 

44.  In  a  rectangle,  prove  : 

(a)  That  the  diagonals  are  equal. 

(h)  That  the  angles  made  by  a  diagonal  and  a  pair  of  opposite  sides 
are  equal,  and  that  either  diagonal  bisects  the  rectangle. 

(c)  That  the  diagonals  bisect  each  other. 

[d)  That  the  diagonals  and  the  sides  make  four  isosceles  trianglea. 
■  45.  Let  ABCD  be  a  rectangle,  E  a,nd  F  the  middle  points  of  AB  and 

GD  respectively.     Join  ED,  EC  &x\(\  EF,  and  prove  : 

(a)  That  ED  equals  EC. 

(h)  That  EF  is  perpendicular  to  CD. 

Infer  also  1  liat  EF  is  perpendicular  to  AB. 
(c)  That  AEFD  ;ind  EHGF  a.Tc  equal  rectanglee. 
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46.  ABCD  is  a  rectangle,  E  the  middle  point  of  AB,  and  G  any  point 
in  AD.  Join  GE  and  produce  it  to  meet  CB  produced  in  H. 
Prove  GE  equal  to  EH  and  A  G  equal  to  BH. 

47.  If  F  is  the  middle  point  of  CD  in  Ex.  46  :  join  EF,  and  prove  that 
2  EF  =  HC  +  GD. 

48.  In  47,  let  K  be  any  point  in  GD,  and  i?'  the  middle  point  of  CD. 
Joia  KF  and  produce  it  to  meet  BC,  produced  in  L.  Prove  that 
2EF  =  HL  +  GK. 

49.  Prove  in  Ex.  48  that  the  area  of  the  trapezium  GHLK  equals  the 
area  of  the  rectangle  ABCD, 

Hence  show  that  the  measure  of  the  area  of  this  trapezium  is 
equal  to  one  half  the  product  of  the  measures  of  its  perpendicular 
height  and  the  sum  of  its  parallel  sides. 

50.  Show  how  to  cut  a  rhombus  so  as  to  form  out  of  the  parts  a  rect- 
angle. 

51.  ABCD  is  a  rectangle.     In  AB  take  any  point  E,  and  from  DG  cut 

off  DF  equal  to  AE.    Join  EF,  and  prove  that  the  quadrilaterals 
AEFD  and  EBCF  are  rectangles. 

52.  A  triangle  and  a  rectangle  stand  on  the  same  base,  and  the  vertex 
of  the  triangle  is  in  the  side  of  the  rectangle  which  is  opposite  to 
the  common  base  ;  prove  that  the  area  of  the  rectangle  is  double 
the  area  of  the  triangle. 

Hence  show  taat  the  measure  oi  the  area  of  a  triangle  is  equal  to 
one-halt  the  product  of  the  measures  of  its  base  and  height. 
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CHAPTER    I. 

Arithmetical  Numbers. 

We  measure  and  compare  concrete  quantities  of  the  same 
kind  by  stating  how  many  times  a  certain  definite  quantity 
of  that  same  kind,  called  the  unit  of  measurement,  must  be 
repeated  to  make  up  each  of  the  given  quantities.  "We  indicate 
the  number  of  times  by  the  symbols  — 

],  2,  3,  4,  5,  6,  7,  8,  9, 
and  combinations  of  these,  according  to  the  decimal  system  of 
notation. 

When  there  is  a  remainder,  and  we  cannot  arrive  at  the 
quantity  to  be  measui-ed  by  repetitions  of  the  unit  of  measure- 
ment, we  divide  the  unit  into  halves  or  thirds  or  tenths,  etc., 
and  then  measure  the  remainder  in  terms  of  these  subdivisions 
of  the  unit.  We  indicate  the  result  by  such  symbols  as — 
12  7_  or  '7  etc 

These  symbols,  used  to  represent  numbers,  are  dealt  with  in 
arithmetic 

Algebraical  Numbers. 

There  exist  pairs  of  quantities  of  such  a  nature  that  the 
one  counted  in  with  the  other  annuls  the  other,  in  Vhole  or 
in  part.      Such  as — 

loss     and     gain, 
distance  up     and     distance  down, 
addend     and     subtrahend. 
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These  (juaTitities  can  l)e  uiefisured  and  compared  in  terms  of 
related  units,  such  that  one  unit  of  the  one  kind  destroys  or 
cancels  one  unit  of  the  other  kind. 
Such  related  units  a.e  — 

one  dollar  loss     and     one  dollar  gain, 
one  yard  up     and     one  yard  down, 
1  to  be  added     and     1  to  be  subtracted. 

It  has  been  found  convenient  to  denote  these  related  units, 
called  respectively  the  positive  Ullit  arid  the  negative  unit, 
l)y  the  symbols — 

+  1      and      —  1 . 

+  1    represents  the  unit  fii'st  chosen,  and  consequently    is 
the  fundamental  unit  of  algebraical  numbers. 
Repetitions  of  these  units  (and  of  subdivisions  of  them)  are 
indicated  by  the  symbols — 

+  1,  +2,  -f  3,  +4,  etc.,  +1,  +f,  etc., 
-  1,   -  2,  -  3,   -  4,  etc.,  -  I,  -  f,  etc. 

These  are  the  symbols  used  to  denote  the  numbers  of  element- 
ary algebra. 

The  mark  +  is  called  the  positive  sign,  and  is  read  plus. 
The  mark  -  is  called  the  negative  sign,  and  is  read  minuS. 

Algebraical  numbers  which  differ  only   in  sign  are   called 

complementary  numbers. 

The  sign  -f  is  often  omitted,  and  when  neither  +  nor  - 
is  placed  before  an  arithmetical  number,  the  sign  +  is  to  be 
understood. 

In  dealing  with  these  algebraical  numbers,  arithmetical 
results  are  included,  for  either  of  the  above  series  of  numbers 
includes  all  the  numbers  of  arithmetic.  The  value  of  an  alge- 
braical number,  considered  independently  of  its  sign,  \%  called 

its  absolute,  or  arithmetical,  value. 
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.-f"  1  iudicHtes  that  tli*"  positive  unit  is  taken  once,  and  is 
read  plus  one. 

+  2  iudicates  that  the  positive  unit  is  taken  twice,  and  is 
read  plus  two. 

—  1  indicates  that  the  negative  unit  is  taken  once,  and  is 
rea>l  miuus  otve,. 

-  2  indicates  that  the  negative  unit  is  taken  twice,  and  is 
read  minus  two. 

+  1  and  +1  counted  together  give  +2. 
-  1  and  -  1  counted  together  give  -  2. 
+  1  and  -  1  counted  together  give  0. 
In  arithmetic,  when  one  yard  is  the  unit,  the  number  3 
indicates  the  measurement  of  the  quantity  thi-ee  yards. 

In  algebra,  when  one  yard  up  is  the  positive  unit,  the 
number  +  3  indicates  the  measurement  of  the  quantity  three 
yards  up,  and  -  3  the  measurement  of  the  quantity  three ^yards 
down. 

Exercise  1. 
Find  the  algebraical  numbers  which  represent  the  following 
measurements  : 

1.  Thirty  feet  up  when  the  positive  unit  is  one  foot  up. 

2.  Thirty  feet  down  when  the  positive  unit  is  one  foot  up. 

3.  Thirty  feet  up  when  the  positive  unit  is  one  foot  down. 

4.  Thirty  feet  down  when  the  positive  unit  is  one  foot  down. 

5.  A  gain  of  25  dollars,  the  positive  unit  being  a  gain  of 
5  dollars. 

6.  A  loss  of  40  cents,  the  positive  unit  being  a  gain  of 
10  cents. 

7.  Ten  miles  east,  when  the  positive  unit  is  one  hundred 
yards  west. 

8.  If  a  debt  of  5  dollars  is  reprosented  by  +  5,  what  will 
+  3  represent  %     What  will   -  4  represent  ? 
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9.  What  is  the  positive  unit  when  a  debt  of  10  dollars  is 
represented  by  +  2  ? 

10.  What  is  the  negative  unit  when  an  expansion  of  3 
inches  is  denoted  by   -  2  ? 

ADDITION'. 

In  arithmetic  we  add  numbers  by  counting  together  the 
units  indicated. 

Likewise  in  algebra  we  add  numbers  by  counting  together 
che  units  indicated ;  but  we  must  remember  that  complement- 
ary numbers,  such  as  -f  1  and  -  1,  or  +2  and  -  2,  or  +3  and 
-  3,  etc  ,  when  added  cancel  each  other. 

Thus,   +  2  and  -  2  when  added  give  0. 
+  2  and   +3  4-  5. 

-  2  and   -  3  '  -  5. 

+  2  and   -  3  "  -  i. 

-2  and  +3  "  4-1. 

Exercise  2. 
Add  the  numbei-s — 

1.  -f  2,  +3,  +5. 

2.  -2,   -3,   -4. 

3.  +1,  -2,  +3,   -4,  +5,-6. 

4.  -12,  -15,  +14,  -f20,   -36,  +.50. 
n     u-l     _2    -f-i     _i 

fi     -i-lJ.    -01   4-61     -2-'- 

7.  32,   -16,  14,  -28,  +-30,   -50,  60. 

8.  1500,   -18-27,  +131-4,   -141?,  -1513. 

9.  State  a  rule  for  the  addition  of  two  numbers  which  have 
ike  signs. 

10.  State  a  rule  for  the  addition  of  two  numbers  which  have 
unlike  signs. 

11.  Add  the  algebraical  numbei-s  which  represent  the  quan- 
tities, 15  dollars  loss,  18  dollars  gain  and  20  dollars  gain, 
^fho.n  one  dollar  loss  is  the  positive  unit. 


ELEMENTARY   ALGEBRl.  57 


SUBTRACTION. 

By  the  subtraction  of  one  number  from  another  we  mean 
the  taking  away,  or  counting  out,  from  the  latter  the  units 
indicated  by  the  former. 

If  we  wish  to  subtract  +3  from  a  given  number  we  can  do 
so  by  counting  in  -  3  with  the  given  number,  since  this  will 
have  the  effect  of  counting  out  +  3. 

To  subtract  +4  from  -\-7,  we  add  +7  and  -4.   . 

To  subtract  -  4  from  +  7,  we  add  +7  and  +4. 

To  subtract  -  4  from   -  7,  we  add  -  7  and  +4. 

To  subtract  +4  from   -  7,  we  add   -  7  and   -  4. 

That  is,  to  subtract  an  algebraical  number  we  add  the  com- 
plementary number. 

Exercise  3. 

1.  Subtract  +3  from  +5. 

2.  Subtract   -  3  from  +5. 

3.  Subtract  +  3  from  -  5. 

4.  Subtract  -  3  from   -  5. 

5.  From   -  36  take   -  "JO,  and  add   -  30  tc  the  result. 

6.  From  the  sum  of  -  28  and  -  32  subtract  the  sum  of  -  60 
and  +30. 

7.  Add  -  13,  -  12,  +18,  and  subtract  the  result  from  the 
sum  of  8,   -  5,   -  20  and  +  30. 

8.  From  the  sum  of  —  12,  +15,  -  13  and  10  take  the  sum 
of  -  18  and  +27. 

0.  "What  must  be  added  to  the  sum  of  -  4,  -  5  -  6  and  +  8 
to  give  +13? 

10.  What  number  must  be  subtracted  from  the  sum  of  -  19, 
-  20  and   -  5  to  "ive  a  remainder  +  17  ? 


ELEMENTAHV    ALGEBRA. 


MULTIPLICATION. 

In  arithmetic  we  multiply  7  by  3  by  counting  together  7 
and  7  and  7,  and  obtain  21  ;  that  is,  we  do  with  7  that  which 
we  did  with  the  unit  to  obtain  3.  Also,  when  we  multiply  -| 
\)y  ^,  we  divide  f  into  five  equal  parts  and  take  four  of  these 
parts — that  is,  we  do  with  |  that  which  we  did  with  the  unit 
to  obtain  A. 

Similai'ly,  in  algebra,  we  multiply  +  7  by  +  3,  by  doing  with 
+  7  just  that  which  we  did  with  +  1  to  get  +  3  ;  that  is,  we 
count  together  +  7  and  +  7  and  +  7  and  obtain  +21.  Also, 
we  multiply  +7  by.  —  3,  by  counting  together  -  7  and  -7  and 
-  7,  and  obtain  —  21  ;  for  we  obtain  —  3  from  +  1  by  changing 
its  sign,  that  is,  taking  the  complementary  number,  and  count- 
ing it  three  times. 

To  multiply   -  7  by  +3  we  count  togethe]-  -  7  and  -  7  and 

7,  and  obtain   -21. 

To  multiply  —  7  by  -  3  wp  c(juuv,  together  +  7  and  +  7  and 
+  7,  which  gives    +21. 

Exp:rci8e  4. 

1 .  Multiply  +  4  by  +  2. 

2.  Multiply  -  4  by  +  2. 

3.  Multiply  +  4  by  -  2. 

4.  Multiply  -  4  by  -  2. 

5.  Midtiply  the  sum  of  +10,  -  8  and  -  16  by  the  sum  of 
-4,   -6  and  +8. 

6.  Subtract  the  sum  of  +  6U,  -  30,  -  32  and  +  24  from  the 
product  of  -  24  and  +13. 

7.  From  the  product  oi  -  12  and  -  13  subtract  the  sum 
of  -4,  5,  -6,  +7  and  -8. 

8.  What  is  the  sign  of  the  pi'oduct  of  two  positive  numbers  'i 

9.  What  is  the  sign  of  the  product  of  two  negative  numbers  'i 

10.  What  is  the  sign  of  the  product  of  two  numbers  which 
have  diflFerent  signs  ? 
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DIVISION. 
The  division  of  one  number  by  another  means  the  finding 
of  that  number  which  multiplied  by  the  latter   number  gives 
the  former. 

We  wish  to  divide  +  6  by  +  2.  J^Tow  we  counted  +  1 
twice  to  obtain  +  2  ;  hence  to  divide  +  6  by  +2  we  must  find 
that  number  which , counted  twice  will  give  +6:  therefore 
+  3  is  the  result. 

To  divide  +  6  by  —  2  we  must  find  that  number  which, 
after  having  its  sign  changed,  and  being  counted  twice,  will 
give  +  6  :  therefore  -  3  is  the  result. 

Similarly.,    -  6  divided  by   -i-  2  gives   -  3, 
and   -  6  divided  by   -  2  gives  +  3. 

EXKRCISE    5. 

1.  Divide   +  12  by   +  4. 

2.  Divide   -  12  by  +4. 

3.  Divide   +  12  by   —4. 

4.  Divide  -  1  2  by   -  4. 

5.  Divide  the  sum  of  -  20  and  -  40  l)y  the  sum  of  +  30 
and  -20. 

6.  From  the  product  of  -  40  and  -  40  subtract  the  pro- 
duct of   -  30  and    -  30,  and  divide  the  result  by   the  sum  of 

+  40  and   -30. 

7.  What  is  the  sign  of  the  result  of  dividing  a  positive 
number  by  a  positive  number  1 

8.  What  is  the  sign  of  the  result  of  dividing  a  positive 
number  by  a  negative  numl^ei*  ? 

9.  What  is  the  sign  of  tlic  result  of  dividing  a  number 
by  anotlier  of  different  sign  '( 

10.  What  is  the  sign  of  the  result  of  dividing  a  number 
by  another  of  the  same  sign  ? 
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Besides  their  uses  to  distinguish  the  two  series  of  algebraical 
numbers,  the  signs  +  and  -  are  used  to  indicate  the  operations 
of  addition  and  subtraction  respectively,  as  in  arithmetic. 

The  signs  x  and  -=-  are  also  used  to  indicate  multiplication 
and  division  respectively. 

The  bar  —  also  indicates  division. 

An  algebraical  number  is  sometimes  enclosed  in   brackets 
to  distinguish  the  two  uses  of  +  and  -  . 
Thus  :  (  +  5)  +  (  -  3)  =    +  2. 
(-')  -  (  +  3)  ^    -10. 
(  +  5)  X  (-3)  =    -15. 
(+12)  -(-3)^    -2. 

^1^=    -2. 
-  6 

Exercise  6 
Find  the  value  of  : 

1.  (  +  5)  +  (-6)  +  (  +  7)  +  (-8). 

2.  (  +  4)  -  (  -  4)  -h  (  -  i)   -  (  +  4). 

3.  (  +  5)  X  (-6)  +  (  +  3)  X  (-2). 

4.  (-10)  -•-  (  +  2)  -  (  +  12)  -  (-3). 

5.  (  +  5)  X  (-5)  +  (  +  6)  -:-  (-2). 

6.  (  +  12)  +  (-4)  +  (-3)  X  (-2)  -  (  +  6)  X  (-1). 
^     -60       -^        -^ 

-12         -5  +4 

-  20         40       60 

8.  + 

+  4-4        6 

9.  (-15)  +  (-3)  +  (-40)  +  (  +  4)  -  (-20)   +  (-5). 

-52         -8         -60         -10 

10.  + —    -    — 

_4         -4  4  10 
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CHAPTER    II. 

Definitions,  Substitutions,  Combining  Like  Terms. 

In  algebra  we  deal  not  only  with  definite  numbers,  such  as 
those  of  the  preceding  chapter,  but  we  reason  also  about  gene- 
ral numbers,  which  we  represent  by  letters. 

Thus,  no  matter  what  number  is  denoted  by  either  a  or  6, 

we  have 

a  +  h  —  h  =  a. 

When  we"  use  letters  to  represent  numbers,  we  indicate  the 
operation  of  multiplication  by  writing  one  letter  immediately 
after  the  other.  Thus  ah  means  the  product  of  the  number  a 
and  the  numVjer  h. 

"We  a^so  indicate  the  product  of  a  detinite  number  and  a 
general  number  by  writing  the  general  number  after  the  other 
with  no  sign  between.  Thus  -  2a  means  the  product  of  -  2 
and  a. 

When  a  number  is  expressed  as  the  product  of  two  numbers, 
each  of  these  numbers  is  called  the  coefficient  of  the  other,  and 
each  is  also  called  a  factor  of  the  product. 

A  coefficient  is  called  a  numerical  coefficient  when  it  is  a 
definite  number,  and  a  literal  coefficient  when  it  is  a  general 
number.  In  the  product  -  4  a:,  -  4  is  the  numerical  coefficient 
of  X  ;  in  the  product  of  ax,  a  is  the  literal  coefficient  of  x. 

Exercise  7. 

1 .  What  is  meant  by  mn  ?    -  6m  ?    +  hi  ?    3m?    -  4m«  / 

2.  If  m  is  +6  and  nis  -  3,  what  is  the  value  of  mn  ?  -  6n  ? 
+  4n?  3m  ?    - imn ? 

3.  State  the  meaning  of  each  of  the  following  sets  of  sym- 
bols :  ahc,  ab  +  c,  a  +  bc,   -2  +  bc,   -  26  +  c,   -  26c. 

4.  If  a  is  +  2,  6  is  +3,  and  c  is  -  4,  find  the  value  of  abc 
ab  +  e,a  +  bc,   -2  +  bc,    ■2')  +  g,   -  2be. 
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5.  Find  the  value  of  each  of  the  following  expressions,  in 
which  f^  =  +  2,  b= -$.  c=-2,  il=+4,  x=+],  2/=  -5, 
?-  -10:  — 

(1)  a  +  h  +  c  +  d.  (2)   a  +  b  +  c.r  +  d(/. 

(3)  ab  -  cd  +  ax  -  yz.  (4)  ac  -  bd  +  2x  -  Sy  +  4^:. 

(5)  abc  +  abd  +  bed  +  xyz.      (6)  obex- ahdy  +  acdx -bcdy. 
(7)  abcdxyz. 

6.  Ti  the  value  of  +  2>x  is  +  30,  what  must  be  the  value  of  .'  ? 

7.  When  —  3.r  is  +  30,  what  is  the  value  of  x  ? 

8.  AVIien  -  3.x*  is   -  30,  what  is  the  value  of  x  ? 

9.  If  the  value  of  ab  is  +40,  and  the  value  of  a  is  -  10, 
what  is  the  value  oi  b1 

1 0.  If  «ft  =    -  50,  and  b  =    +5,  what  is  the  value  of  a  ? 

11.  If  abc  =  +  60,  and  rt  =  +  2,  and  S  =  —  3,  what  is  the 
value  of  c  ? 

1 2.  If  ahc  =    -  90,  and  a  =   —  9,  what  is  the  value  of  be  ? 

13.  abed  is  equal  to  40,  when  «  =  -  1,  6  =  -  2,  and  e  = 
+  5,  what  is  the  value  of  d  ? 

14.  If  yz  is  equal  to  -  10,  what  is  the  value  of  abyz  when 
a  =    -  3  and  &  =   +  2  .? 

1 5.  If  a  +b  is  equal  to  +  20,  and  b  is  equal  to  +  6,  what  is 
the  value  of  a  ? 

1  6.  If  ab  +  cd  is  equal  to  1 00,  and  rd/  is  equal  to  +  40,  what 
is  the  value  of  cd  ? 

17.  If  ab  +  cd  =  GO,  and  ab  =  20,  and  c  =  ~  4,  what  is  the 
value  of  d?  ■ 

AS.  II ax  +  by  =    -  50,  and  r<  =   -  i,  b  =   -  10,  and  x  =    -5, 
what  is  the  value  i;f  :  ?  ... 

-     19..  ab  -ed  =  GO;  n  —■  +  2,  e  =    -f  3,  d  =    +4,  what  mu.st  be 
ihc  value  o^      ,■  ■  .  • 

■     LO'     -  3";+  4  J  =  70,  what  is  the  value  of  .r  ? 
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A  collection  of  algebraical  symbols,  that  is,  of  letters,  figures 
and  signs,  which,  when  all  the  operations  indicated  are  carried 
out,  results  in  a  number,  is  called  an  algebraical  expres- 
sion, or,  sliortly,  an  expression. 

The  parts  of  an  algebraical  expression  which  are  to  be  used 
as  addends  in  finding  tlie   final  value   of   the  expression  ai-e 

called  terms. 

Thus  ax  -  l>i/  +  "2"  -  'M^  is  an  expression  of  which  the  terms 
are  ax,   ~  hi/,  +  '2z,    -  3(3. 

Those  terms  which  nve  written  with  the  sign  +  (or  with- 
out the  sign)  are  called  positive  terms. 

Those  written  with  the  sign  -  are  called  negative  terms. 

Terms  which  differ  only  in  the  sign  are  called  comple- 
mentary terms. 

Thus  in  the  expression  a  +  3x  -  bi/  +  by  —  3x,  +  ox  and  -  3a: 
are  complementai  y  terms.      iSuch  also  ai^e   —  by  and   +  by. 

An  expression  consisting  of  one  term  is  called  a  monomial : 
as  iab. 

An  expression  of  two  terms  is  called  a  binomial :  as  2a  +  3c. 

An  expression  of  three  terms  is    called   a  trinomial :    as 

a  +  b  +  r. 

All  expressions  of  more  than  one  term  are  called  multi- 
nomials, or  polynomials. 

Combining  Like  Terms. 

Two  terms  which  contain  the  same  letters  involved  in  tlie 
same  way  are  called  like  terms. 

Thus,'  +5m,  +  3m,   -  Qm  are  like  terms. 
abc,  iabc,   —  bcthc  are  also  like  terms. 
Consider  the  like  terms    +•')//?,  and   +  3m,     +  5m  means  m 
repeated  five  times,  and  +  Sni  means  m  repeated  three  times. 
Hence,  thf^ir  ■^nm  is  rn  r^^peated  eight  times,  that  is   +^m. 
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Consider  the  like  terms  +  8tn  and  -  6m.  +  8m  means  m 
repeated  eight  times,  and  -  Qni  means  that  the  sign  of  yn  is 
changed,  and  the  resulting  number  repeated  six  times.  Hence 
their  sum  is  m  repeated  twice,  that  is  +  2m. 

From  these  examples  we  see  that  two  like  terms  may  be 
combined  into  a  like  term,  whose  numerical  coefficient  is  the 
sum  of  the  numerical  coefficients  of  the  given  terms. 

The  sum  of  -  Qabc  and  +  9abc  is  +  Sahc,  since  the  sum  of 
-  6  and  +  9  is  +3. 

Exercise  8. 

Simplify  the  following  expressions  by  combining  like  terms  : 

1.  +8a+6a-9«. 

2.  +  8abc  +  Qabc  -  dabc. 

3.  +13:c- 122/  +  42/-5a:. 

4.  27/-lQi/  +  13y-Ux. 

0.         ^X    —     -^X    -P    '^X  -gflj   +    "^X. 

6.  ^abc  +  ^abc  -  ^abc  +  ^abc. 

7.  -Spq+102)q -7pq  +  x  +  y  +  z. 

8.  pq  -  ^pq  +  Qpq  +  S])  +  2q. 

9.  ap  +  bq+  I3pq  -  2ipq  -  1 6pq. 

10.  Sx  -  ix  +  8x  +  \2xy  -  ixy  -  lOxy. 

11.  iOabcd-  SSabcd-  I6abcd+  S2abcd. 

12.  I2x+l3y  +  liz  +  6x-5ij-  8z-3x  +  4y~oz. 

13.  7x-3z  +  4:x+Uy-20z-32x-iy. 

14.  27mn-36nl  +  A0lm  +  i2nl-32mn. 

What  does  mn  mean  ?     What  does  nm  mean  1 

15.  +  3mn  +  inm  +  hmn. 

16.  iahc  -  bach  +  66ca  -  17 cba. 

17.  13xyz  +  l2ayz-20yzx-  I7zay  +  50zyx  +  l00azy. 

18.  8X+i3r-i67+uj:-4r. 
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CHAPTER   III. 

ADDITION. 

To  add  +  3x  and  -  iy,  we  merely  write  the  terms,  one  after 
the  other,  with  sign  unchanged  ;  thus,   +3x—  4?/. 

Also,  to  add  +3.-^+21/  and  +6x  —  5i/,  we  write  +',ix+2i/ 
+  6x-  -  5y. 

This  last  result  may  be  simplified  by  combining  the  like  terms 
giving  +  9x  -  2)1/. 

It  is  sometimes  more  convenient  to  write  the  expressions  to 
be  added,  one  under'  the  other,  having  like  terms  in  vertical 
columns.     Thus,  the  above  sum  would  be  written — 

+  dx  +  2y 
+  6a;  —  5y 
+  ^x-iy 

Exercise  9. 
Add  together — 

1.  +5a  +  66;   +Ja-2h. 

2.  14a +  36;    -Qa  +  2b;    -  3a  -  56. 

3.  6a +  76;  96 -13a;  14a  +  66  +  c. 

4.  -3a- 26  + 4c;   -6a -76 -136;  17a+186  +  19c: 

5.  22x -y  +  6z;  12y-13a;;  40x-30z  +  25y. 

6.  x  +  y  +  z;  y  +  z-x;  z  +  x-y;  x  +  y-z;    ~x  —  y  -  z. 

7.  x  +  2y  +  3z;  4y  +  oz-  Qx;  7z  +  8x-9y;  10a;  +  ll^/  -  1 2z. 

8.  2a  +  6-c-f^;  3a- 66  +  14c  +  f/;   12a -306;  166  + 13c. 

9.  a  +  6  +  c  +  c^ ;  h  +  c  +  d-a;  c  +  d-a-h ;  d  +  a-b-c. 

10.  1  Oa:y  +  1 3yz ;   \Qyz+\ 3xy  -  20zx ;  27 xy  +\2yz  +  zx. 

11.  7  +  13a6-166t;;  226c  -  16a6  +  13  ;    -17  +  a6. 

12.  p5'r  +  a6c  -  100  ;  45a6c  -  16/>5t  ;  \7  -pqr-ahc. 

13.  1 4a6  +  J6c  +  \cd  ;    -  lah  +  |6c  -  1  Occ?. 

14.  •25a6  -  -6360  +  •9cf/;  '56c  -  •4a6  +  •7bcd. 

1 5.  ^x  +  \y-\z  +  Ixyz  ;  x-y  +  z-  xyz  ;    ^x  -  ^y  -  'jz  +  xyz. 

1 6.  1 3«6cc?  +  1  inhd^  ~  1  nhcd>^  i  1 26ccfo  -  \  r^h^rh  -  1  Ohend, 


66  ELEMENTARY  ALGEBRA. 

17.  17pq  +  lo(jy -I'3rp+I8rq  ;  22<?r  -  16rp  + 13pg  ;  -22^7 
-  iOpr  -  1 3pq  ;    1 2pq  +  1 3rq  +  1 4qp. 

18.  270a;2/  -  1320.j:w^  +  140.^ry~?i'  .-  190.X7/;:;  -  SOOtj.c  -  xzi/w ; 
^^  1/  +  X1/Z  -  n'yztiK 

19.  X  ^  y  -{■  z  ^  w  -^  a  -Vh  ;  x  -  y  +  z  -  ?v -\- <t -h  ;  a-h  -  x-  y 
-z-  w;  z  +  tv-x-  y  +  a  +  f,;  -a-  j  -  x  —  y-z-iv;  +  a  -  h ; 
-x  +  y-z;    -w. 

20.  h  +  lc  +  \a;  G  +  1«  -  li  ;  a  +  gu  -  |c  ;    -  2«  -  26  -  2c. 

SUBTRACTION. 

We  have  already  sliown  that  to  subtract  an  algebraical 
number  is  the  same  as  to  add  the  complementary  number. 
Now,  the  complementary  of  any  expression  may  be  obtained  by 
changing  the  sign  of  each  of  its  terms :  for,  the  sum  of  any 
expression,  and  the  expression  obtained  by  changing  the  sign 
of  each  of  its  terms,  is  zero. 

Ij.3nce,  to  subtract  any  algebraical  expression  from  another, 
we  add  to  the  latter  the  expression  obtained  by  changing  the 
sign  of  each  term  of  the  former. 

Thus,  to  subtract  6rt  +  Ah  from  13^^  -  12/>,  we  must  add 
1 3«  -   1 26  and  -   6«  -  46. 

This  may  be  done  by  writing  the  terms  in  succession,  as 
i?,a  -   126-  6a  -  46, 
and  combining  like  terms. 

Or,  as  in  tne  case  of  addition,  by  writing  the  like  terms  in 
vertical  columns  ;  thus  :  — 

1.3a  -  126 
-  Grt   -      4 '' 

la  -  166. 
When  the  subtraction  is  performed  in  the  latter  way,   it  is 
usual  to  leave  the  signs   of  the  expression  to  be  subtracted 
unchanged  when  writing  it  under  the  other.     Then  the  signs 
must  bo  changed  mentally  when  performing  the  addition. 
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Thus,  to  subtract  Sab  —  Ghc  +  ide  from  ISab  -  8bc  —  Qde 
we  write 

13a J  -  8bc  -     Qde 

8ab  -  Qbc  +     ide 

and  obtain  5ab   —   2bc  —   lOde, 

Exercise  10. 
Subtract  : — 

\.  2a  +   U  +  4c  from  6«  4-  5b  +    6c. 

2.  a  +   b  +  G  from  2a  -   b  +  c, 

3.  a  —   b   ~  c  from  a  +  b  +  c. 

4.  2x  —   3i/  +  4:Z  +  6?'j  from  10c  -■  ii  —  z  —   lOw. 

5.  «  +  2J  -   3c  -  Aid  from  b  -^  c  -  d  -  a. 

6.  17a;  —  14y  +  2O2;  from  40,«  -  y   -  z  -  w. 

7.  m  +  n  +  p  from  2m. 

8.  2m  +  3?i  —   4^;  from  -  p  +  5ni. 

9.  2o6  +  3Jc  +  5ca  from  4a6  +  46c  +  4ca. 

10.  lOxyz  +   \2yzw  —   132wa;  iVom  -   oyziv. 

11.  Subtract  2xy  —  Syz  +  42;a;  from  Sxy  -  iyz  +  5;.x- and 
add  xy    -  yz  -  zx  to  the  remainder. 

12.  Subtract  the  sum  of  10^  -  1m  +  "in  -  ^?  and  3m  -  n 
+  p  -  3Hrom  12^  -   ll»i  +   lOn. 

13.  Subtract  from  x  +  y  +  z  the  sum  of  2x  +  y  +  z, 
X  +  2y  —  3z  and  —  x  —  y  +  z. 

14.  Subtract  from  a,x'  -  3bx  +  4c,/:,  tlie  sum  of  -  2ax  + 
Abx  -   f)(;x,  ax  —   'ibx  +  %gx  and  2ax  —  2hx  —    2cx. 

15.  Subtract  the  sum  of  ax  —  «  +  1,  2ax  —  2a  -  2,  and 
-  ax  -  a   -   4:  from  ax  +  a  +   1. 

BI{A(JKKTS. 

We  indicate  that  an  algebraical  expression  is  to  be  added  as 
a, whole  by  placing  it  in  brackets  with  a  +  sign  prefixed. 

Thus,  «  +  (6  +  c)  means  that  the  sum  of  b  and  c  is  to  be 
Jidded  to  a.  But  this  is  the  same  as  writing  down  the  terms 
of  the  expression  to  })e  added  witli  tlieir  signs  unchanged. 
That  is, 

a  -tr  (b   -[■  c)  =-  a  -\-  u   4-c. 
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From  this  we  see  that  when  a  pair  of  brackets  is  preceded 
by  the  sign  + ,  the  brackets  may  be  removed. 

Again,  we  indicate  that  an  algebraical  expression  is  to  be 
subtracted  as  a  whole  by  placing  it  in  brackets  with  a  —  sign 
prefixed. 

Thus,  a  -  (b  +  c)  means  that  the  expi-ession  b  +  c  is  to  be 
subtracted  from  a.  But  this  is  the  same  as  writing  down 
the  terms  of  the  expression  to  be  subtracted,  with  their  signs 
changed.     That  is, 

a    -  ih  -\-  c)   =   a  —  h  —  c. 

Hence  we  see  that  when  a  pair  of  brackets  is  preceded  by 
the  sign  — ,  the  brackets  may  be  removed  if  we^  change  the 
sign  of  each  term  which  was  enclosed  by  the  brackets. 

Sometimes  several  pairs  of  brackets  are  used,  one  pair  being 
wholly  enclosed  by  another  pair.  In  such  cases  the  pairs  of 
brackets  are  made  of  different  shapes  : — 

n    []. 

In   removing  these  brackets,  it  is  best  to  begin  with  the 
innermost  pair,  and  remove  only  one  pair  at  a  time. 
Thus, 

X  -    {x  -   (2x  -  y)  +2y.} 
-  X  -    {x  -    2x    +  y  +  2y.} 
=  X  -   X  +  2x  -  y  -  %j. 
=  2x    -    3y. 

Exercise  11. 
Remove  the  brackets  from  the  following  expressions  and 
combine  the  like  terms  : 

1.  X  +  (y   -   z). 

2.  X  -  (y   -  z). 

S.   2x  -   (y  -   Sx)  +   (4a;  -   4y). 

4.  (Sx  -   3y  +   iz)-(2x  -    2y  +  3z)—(x  -  y  +  z). 
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5.  {x  -  y)  +  {y   -  z)  +  {z  -  x)  +  (x  +  y  +  z).   . 

6.  X  -  {y  -  z)  -  (z  —   x)  -  (x  —  y). 

7.  (x  -  y  +  z)  +  3x  -   (2y   -   2x)   -   {x  -  y  +  z). 

8.  20  +  (13   -  a)  +  4  -    {  5  -  (6  -  2a)}. 

9.  a;  -    \{y   -  z)   -   [z  -  x)j    -   (x  -  y  +  z). 

10.  2p   -   {3q  +   ir)   -    {2p   -   (3q   +   4r))-    +  j)  +   q  +  r. 

11.  a  -    {2b  -  3a    -   (4a  --  2b)\    +  2b  -  3a  -  (4a  -  2b). 

12.  3a  +  [lb  -    {5c     -  (2a  -  b)  +  3c}]. 

13.  a  +  b  +  c  +  d-^a  -   {b  -  {c  ~  d)\ ]. 

14.  [2^  -  y  -  {3x  +  2y    -    (y  -  x)}]  -  [{  {x    -    y) 

-x}    +  y} 

15.  2   -  [2   -   {2   -   (2  -  .)  -   2}    -   2j. 

A  bar  is  sometimes  placed  over  the  terms  which  are  o  be 
considered  as  one  quantity.  Thus,  a  -  b  -  c  means  the 
same  as  a   -   {b  —  c^. 

16.  2x  -  [22/-   {•2x  -  y  -   {2x  -  y  -  x  - y)  +  2y] -y\ 

\1.  a    +    b   +   c  +  d  ~   [_a   -   b  +    \c  +  d~(b-c-d 

-  h  -  d)}^,.         

18.  'Ix  -   3y  +  Az  +   3w   -  X  -   '2y  -  3z  -   iw. 

19.  a -[-2a-  {■2b  -  (2c  -  3a  -  fb  -  4c)  -  3a  -  i  }  -  c]. 

20.  1   -  [{  2   -  3^^^' }  ]    -    ^     .   [  3    -    {  4  -  (5  - 

6  -  X}}]. 

Evidently  any  number  of  terms  of  an  expression  may  be 
enclosed  within  a  pair  of  brackets,  preceded  by  the  sign  + 
without  changing  the  signs  of  the  terms ;  and  within  a  pair  of 
brackets  preceded  by  the  sign  - ,  if  the  signs  of  the  terms  are 
changed. 
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Exercise  12. 

Enclose  the  third,  fourth  and  fifth  terms  of  each  of  the 
following  expressions  in  a  pair  of  brackets,  preceded  (1)  by  the 
sign  +,  (2)  by  the  sign  -  : 

1.  2«  -  J  -   3c  +  4c/  -  e. 

2.  a   -   h   -  c   -   d  -   e  +  f. 

3.  -Ix  -  2,y  +  ^z  -  3.T  -   Zy  -\-  Zz. 

4.  2x  -  y  -   Zx  -  \y  -  ix  -i-  y. 

5.  a  +  b  -  c  -  a  +  b  -  c. 

6.  2x  -  3y  +  4:z  -  5w  +  6u. 

7.  3a  -   36  -   4c   -  4rt  -  e. 
S.  2b  -  i  -  2c  -  y  +  Sz. 
9.    —  x  +  y  —  z  —  w  +  6m. 

■0.    -  ^x  +  ly  -  ^z  +  ^w  -  |i(. 

Enclose  the  third  and  fourth  terms  of  the  following  in  a 
pair  of  brackets  preceded  by  the  sign  - ,  and  then  all  of  the 
expression  after  the  first  term  in  another  pair  of  brackets 
preceded  by  the  sign  -  : 

11.  a-b  -c-{-d-\-e. 

12.  2x-3y-4:Z-\-5w. 

13.  x-y^z-S. 

14.  ab-\'bc-]-ca-abc. 

15.  —  x-\-y  -  z-\-tv. 

16.  -1^+16 -^c-f  !-:>'. 

17.  {a-b)-(c-d)  +  {a  +  d). 

18.  x-{y-2z)-{z-  2x) -  {x-2y)  +  iv-. 
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CHAPTER  IV. 


MULTIPLICATION. 


We  know  that  the  product  of  two  arithmetical  numbers  is 
the  same,  no  matter  which  number  is  taken  as  multiplier. 

Thus  3  multiplied  by  4  gives  the  same  result  as  4  multiplied 
by  3 ;  and  |  multiplied  by  4  gives  the  same  result  as  -| 
multiplied  by  |. 

Evidently  the  same  will  be  true  of  algebraical  numbers  :  for 
the  absolute  value  of  the  product  is  independent  of  the  signs, 
and  the  sign  of  tlie  product  is  independent  of  the  order  of  the 
factors. 

MULTIPLICATION    OF    MONOMIALS. 

We  have  already  learned  that  the  product  of  two  general 
numbers  is  indicated  by  writing  the  letters  one  immediately 
after  the  other.  In  finding  the  product  of  two  monomials,  we 
have  then  only  to  multiply  the  numerical  factors, of  the  terms 
and  annex  the  literal  factors. 

Thus  (+  4:0:)  x  (  +  By) 

=  +   12a;2/. 

And  -  3xy   x    -   Aab 

=  +  llxyab. 

When  a  literal  factor  is  repeated  in  a  product,  the  number 
of  times  the  factor  occurs  is  indicated  by  a  small  figure 
written  a  little  above  and  to  the  right  of  the  letter. 

Thus  the  product  of  -   4a  and  -  5a  is  written  +  20a'-. 
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Instead  of  aa  we  write  a^, 
"  aaa  "        a', 

"        aaaa         "        a*, 
and  so  on. 

(a  +  i)  multiplied  by  (a  +  6),  indicated  by  (a  +  6)  (a  +  6), 
is  also  written  {a  +  6)^. 

[a  +  6)  (a  +  &)  (a  +  h),  is  also  written  (a  +  hy. 
7  X  7  X  7  X  7  X  7,  is  also  written  V. 

The  products,  a^,  a^,  a*, are  called  the  second,  third, 

fourth, powers  of  a. 

The  number  which  indicates  the  power  is  called  the  index 
or  exponent.  -When  a  letter  has  no  index,  1  is  to  be  under- 
stood ;  thus,  a  -    a\ 

The  product  of  a?  and  a^  is  a^  +  *  : 
for  a^  =  a  a, 
and  a^  =  a  a  a, 
.• .  a^   X   a^  =  a  a  a  a  a 
=  a.' 
Similarly,  a^  x  x^  z=  x^ : 

for  x^  =  X  X  X, 
and  x^  =  X  X  X  X  x, 

=   .r«. 

Hence  we  see  that  the  index  of  the  product  of  two  powers 
of  the  same  letter  is  equal  to  the  sum  of  the  indices  of  the 
factors. 

Exercise  13. 
Multiply  : 
1.    -  3  by  +  4.  2.    -  5  by  -  3. 

3.    _   2  by  -  5.  4.    -  36  by  +  4a. 

5.    -  Ox  by  —  Sy.  6.    —  2m  by  -  5n. 
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7.  -   36  by  +  46.  8.    -  bxy  by  -   ?>x. 

9.  -   2mn  by  -   bmn.  10.    -   W  by  +  46^ 

11.  -   5a;' by  -   ^x\  12.    -   2/ni°  by  -  5m«. 

13.  -   4  a  Z/^c'by   -   5  a'  6^0. 

15.  -    f  (^  6'  c^  t^^   by    +    1  a  ^2  g  ^3  g 

15.  -   3  X  y  2;^,  8  re'  y^  and  -  -^-^  x^  z-. 

16.  —   2  ni^  'n?  p^,   3  ?/i  n  p  q  and  ^  ^. 

17.  -  X,    -  a;  and  -  x. 
Find  the  value  of  : 

18.  (-  x)\  19.  (-  2  a;.)'. 
20.  (-  2a2^,)3,   .  21.  (-  3)1 

22.  (  -  2  a?  hf.  23.   (  -  a  6^  c?f, 

24.  (  -  3  x^  y)2   X   (  -   2  X  2^')-  X  (  -  x  y  «jl 

25.  -  (a^  6  £)=*  X  (  -   rt^  hcf.  • 


MULTIPLICATION    OF    A    MULTINOMIAL    AND    A    MONOMIAL. 

We  indicate  the  product  of  a  +  6  and  c  by  placing  «  +  6  in 
brackets  and  writing  c  either  immediately  after  it  or  before  it. 
Thus  (a  +  h)  c,   or  c  (a  +  h). 

To  multiply  c  by  a  +  6,  we  must  use  the  quantity  c  as  the 
unit  in  forming  the  expression  a  +  b. 

That  is,  we  must  do  with  c  that  which  we  did  with  +  1  to 
obtain  a  ;  and  also  we  must  do  with  c  that  which  we  did  with 
+  1  to  obtain  h  ;  and  then  add  the  two  results. 

Hence  to  find  the  product  of  (rt  +  6)  and  c,  we  must  add  the 
product  of  a  and  c  and  the  product  of  h  and  c. 

Thus  {a  +  b)  c  =  ac  +  be. 

This  result  is  true,  no  matter  what  the  values  of  a  and  b 
may  be. 
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Similarly  it  may  be  shown  that 

[a  +  b  +  c  +  d+  .  .  .  .)  m 
=  am  +  hm  +  cm  +  dm  +  .  .  .  . 
Now,  eveiy  expression  may  be  written  in  the  form 
a  +  b  +  G+  .  .  .  . 
\,y  enclosing  each  term  in  a  bracket  and  placing  the  sign  + 
Lafore  it. 

Tlius  2.x  —  3y  +  4x2^  -  6?^?^ 

=  (2x)  +  (  -  32/)  +  (  +  ixz^)  +  (  -  6^^2). 
And  the  product  of  this  expression  and  a  monomial,  say 
-   2.xy,  will  be  obtained  by  adding  the  products  of  each  of 
t  le  quantities  enclosed  in  the  brackets  and   -  2a7/. 
The  product  is 

-  4  x^y  +  6  xy"^  -  8  a;^  y^  +12  yyw^. 
Hence  the  product  of  a  multinomial  expression  and  a  mono- 
U'ial   may    be   obtained   by   multiplying    each    term    of    the 
niultinomial  by  the  monomial. 

Exercise  14. 
Multiply  : 

2.  c  +  dhy  m.  3.   la  +  ?>h  by  x. 

5.   2a  +  36  by  4a;.      6.   3c  +  5c/  by  \0m. 
8.  3c  +  5(/by-3m.  9.   3a  -  4/>  by  -  2c. 
1 1.  a  +  6  by  a.  V2.  c  +  dhy  d. 

14.  2x--  3x  by  3x. 
16.  £c--2.K-2by  ^x". 
18.  x^  +  xy  +  y"^  by  -  xy. 
—20.   2a  +  36  -  4c  by  -  2a6c. 
22.  y~hy  x'-y-. 
^23.    -  2xyz  by  x^  +  x^y  +  x'z  +  xyz. 

—24.  Multiply  a-  +  6-  +  c-  -  6c  -  ca  -  ah  by  a  ;  also  by  6  ;  also 
b\"  c.     Then  add  the  three  results. 

-  25.  Multiply  x^  -  .xy  +  y"-  by  x^ ;  also  by  +  xy  ;  also  by  y^. 
Tlien  add  the  three  results. 


— i. 

a  +  h  by  aj.              ! 

4. 

3c  +  5f?  by  ??z. 

7. 

2rt  +  36  by  -  2x. 

-10. 

2c  -  id  by  -  4.     1 

:3. 

X-  +  X  by  2x. 

:5. 

x^  +  2x  +  1  by  X. 

-17. 

cc^  +  xy  +  y^  by  x} 

19. 

x^  +  xy  +  y2  by  y"-. 

21. 

X?  by  x"  -  y". 
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MULTIPLICATION    OF    MULTINOMIALS. 

To  find  the  pi'oduct  oi  a  +  b  and  c  +  d.     Enclosing  each 
expression  in  brackets,  we  have 

(a  +  b)  (c  +  d)  =  a  (c  +  d)  +  h  (c  +  f^- 
But  a  (c  +  d)  —  ac  +  ad, 
and  b  (c  +  d)  =  bc  +  bd. 
.-.  {a  +  b)  (c  +  d)  =  ac  +  ad+bc  +  bd. 
Again, 

(a  +  b  +  c)  {d  +  e+f) 
=  a  (d+e+f)  +b  (d  +  e+f)  +c  (d+e+f) 
=  ad  +  ae+'af +  bd+he  +  bf +  cd  +  ce  +  cf. 
From  these  examples  we  conclude  that  the  product  of  two 
multinomials  may  be  found  by  taking  the  sum  of  the  products 
formed  by  multiplying  each  term   of  the  one  expression  by 
each  term  of  the  other. 
The  product  of 

2.C  +  ?>y  and   'ix  +  4y 
is  obtained  thus  : 

(2x  +  3y)  (3.r  +  %) 
=  2x  (3x  +  %)  +  '6t/  (3x  +  *y ) 
=  6a^  +  8.Ty  +  9xt/  +  12i/ 
=  Qx^+17xy  +  l2i/-. 
And  the  product  of  a  -  35  and  2a  +  4-b  : 
{a -3b)  (2a +  46) 
=  a{2a  +  U)-3b(2a  +  U) 
==  2a'' +  iab  -  &ab  -  I2b- 
^2a'-2ab-l2b-. 
The  work  is  commonly  arranged  thus 
2a  +  4b 
a-  3b 

2a^  +  iab product  of  2a  +  4b  and  a. 

-  &ab  -  126- ...  .  product  of  2a  +  46  and  -  36. 
2a2-2a6-  126^ 
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Exercise  15. 

Find  the  product  of  : 

1 .   2x  +  3i/  and  x  +  2y.  2.  3a +  b  and  2a  +  5b. 

3.   2a  +  36  and  a  +  26.  4.   3.t  +  y  and  2x  +  5y. 

-5.  2m  +  Sw  and  ?n  +  2n.  6.   3^  +  g' and  2/>  +  5g. 

7.   2a -&  and  a +  26  8.   3x- -  23/ and  2a;  -  3v/. 

9.  2ui  —  n  and  m  +  271.  —10.  Sni  ~  2n  and  3ni  -  3n.  • 

11.  a  +  6  and  2a  +  .5.  1 2.  7x'  -  4  and  3x  -f  5. 

13.  a;  +  12  and  a; +  5.  14.  a;  +  6  and  a  +  10. 

15.  a;  +  4  and  a;+15,  16.  a- +  3  and  a- +  20. 

17.  a;  +  2  and  x  +  30.  ^  18.  x  +  1  and  x  +  60. 

19.  a;  -  12  .and  a;  -  5  20.  i-  -  6  and  a;  -  10. 

21.  a;  -  4  and  x  -  \  •">.  22.  x  -  3  and  x  -  20. 

23.  a;  -  2  and  x  -  30.  24,  a;  -  1  and  x  -  60. 

25.  a;  -  12  and  a;  +  5.  26.  a;  +  12  and  x  -  5. 

27.  X  -  4  and  a;  +  15.  28.  x  +  4  and  a;  -  15. 

29.  a;  -  6  and  x  +  10.  30.  a;  +  6  and  x  -  10. 

3''l.  a;  -  3  and  x  +  20.  32.  a;  +  3  and  x  -  20. 

33.  a-  -  2  and  x  +  30  34.  x  +  2  and  a;  -  30. 

35.  a;  -  1  and  x  +  bu.  36.  a;  +  1  and  x  -  60. 

37.  3a;  +  24and  3a:+l.  38.  3a:  -  24  and  3a;  +  1. 

39.  3a;  +  1 2  and  3a;  +  2.  40.  3a;  +  1 2  and  3a;  -  2. 

41.  3a; +  8  and  3a; +  3.  42.  3a;  -  8  and  3a;  +  3. 

43.  3a;  -  8  and  3a;  -  3.  44.  3a;  -  10  and  3a;  -  2. 

45.  x  +  y  and  x-y.  46.  a  +  b  and  a-b. 

47.  m  +  n  and  m  —  n.  48.  p  +  q  and  p  -  q- 

49.  2a;  +  y  and  2a;  -  y.  50.  2a;  +  3y  and  2a;  -  3y. 

51.  ab  +  c  and  ab  -  v.  52.  pq  +  6m  and  pq  -  bm. 

—  53.  a^  +  6^  and  a^  -  6".  54.  a?  +  6c  and  a-  -  6c. 

55.  2a-  +  3P  and  2a^  -  361  ^56.  hnn+pqr  and  Imn—pqr. 
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Exercise  16. 
Find  the  product  of  : 
— .  1 .  Ix  +3/  +  32;  and  3.t. 

2.  2.r  +  y  +   82;  and  1y. 

3.  2x  +3/  +   82;  and  3a;  +   2y. 
-4.   he  -^  ca  -^  ah  and  a  +  6  +  c. 

w  5.  .r  +  2/  +  2;  and  x  -\-  y  ^-  z 
^6.  rt  +  i   +  c  and  rt  +  ^  +  c. 

7.  2a;  +  3?/  +  42;  and  2a;  +  Sy  +  42. 

8.  a;^  +  y  +  2:^   -   2/2!   -   2:3;  -  xy  and  a;  +  ?/  +  2:. 

9.  a;^  +  2/^  +  2;^  +  2/2;   -   2;a;  +  xy  and  a;  -  y  -\-z. 
^10.  a;^  +  2/^  +  2;'   -   2/2;  +  2;a;  +  xy  ^rviS.  x  -  y  -  z. 

11.  2a2  -  4  +  6a  +  3a^and  2a  +  3. 

12.  3a;  -   43^=  +  a;^  -   6  and  2.x  -  3. 
13.  v?  +  ar  2/  +  r/-?/^  +  2/'^  and  ar,  -  2/. 

14.   3??t^  +  4  +  2ni,  +  f)vn?  and  m^     -   2  +  w- 
-  15.    I    +  2s  +  32;-  +   42-''    and  Zz-  +   22;  +   1. 

An  expression  frequently  consists  of  terms  which  contain 
different  powers  of  the  same  letter. 

It  will  usually  be  found  convenient  to  arrange  all  such 
expressions  according  to  descending  or  ascending  powers  of 
that  letter.  And  in  multiplying  two  such  expressions  con- 
taining powers  of  the  same  letter,  it  is  advisable  to  arrange 
both  expressions  in  the  same  order. 

Arranging  according  to  descending  powers  of  m,  example  1 4 
of  the  previous  exercise  would  be  worked  in  the  following  way  : 
^irc'  +  3m'^  +  2m  +    4 

m^  +  »j    -    2 
5m5  +  3w*  +  2^=*  +  4to" 

+  .5>/?*  +  Sm^  +  2ot-'  4-  4m 

-  1  Om^    -   6??v"   -   4»i     -  8 


5m^  +  87/1^   -   5»i''  -  8 

This  arrangement  of  the  terms  makes  easy  the  placing  of 
like  terms  in  vertical  cnlnmnK. 
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Exercise  17. 

Find  the  product  of  : 

1.  2x'  +  3x1/  -   4//  and  x'  -   2ry  +  y^. 

2.  :i}  +  ic^  +  x^  +  £c  +   i  and  x'  -  x'  +  x  -   1. 

o.   4rr  +  96^  +  c^  -36c  -   2ca  -   6ab  and  2a  +  36  +  c. 

4 .  .r  -  xt/  +  y"^  +  X  +  1/  +   I  and  x  -j-  3/  -    1 . 

5.  a'  +  Zci'b  +  3a62  +  6^  and  a^  -   2ab  +  h\ 

C.  2i}  -  3r?  +  £'  -  2,c  +  1  and  x^  +  2^^  +  2a;  -   1. 

7.  a;^  -r  3.r^y  +  3j:y^  +  3/^  and  ic^  -  "ixhj  +  3xy^  -  y^, 

8.  (;C    +    2');   (y    +    ^)  ^-Ild  (^    +    *')• 

9.  (a  +  h),  {h  +  c)  and  (c  +  «). 

10.  (a;  +  2),  (,r  +  3)  and  {x  +  4). 

11.  \x  -  2),  (.V  -    :i)  and  (x  -   4). 

12.  (x  +  2y),  (x  +  3?/)  and  {x  +  43/). 
1  3.  {x  -  2//),  (,«   -    3y)  and  (x  -   4^). 

14.  .-B^  +  03+1  and  x^  -  x  +   1. 

15.  x^  +  xy  +  y"^  and  x'^  -   xy  +  y''-. 

Simplify,  by  removing  brackets  and  combining  like  terms  : 

16.  r:;(.c-  +  .«  +    1)   -   {x"  +  X  +   1). 

17.  x--  ('r  +  .xy  +   if)  +  :y^  (^'^  +  »;_y  +  y")    -   :*;?/  (a;^  +  xy 

+  if)- 

18.  3  (2a-  -   3a  +   1)   +   4a  («  -   2)  +  2(1^  +  9«  -   .3. 

19.  (3a  +  h)  {2a  +  36)  + (a  +   26)  (2a  -   56  )  +  7  (a^  +  6-). 

20.  2  [2a  -  3  {a  -  2  {a  +  7)  -  1  j  +  l]. 

21.  (a  +  6){-2a-(a-6)-6}  -a  (a  +  h). 

22.  a  [a  +  a{a-  (a  +  2)  -  2 }.  +  2]. 

23.  3  (a  +  J6  +  .3c)  -  4  (2a  +  36  +  c)  +  .  (3a  +  6  +  2c). 

24.  2  {3  (a-6)a;  +  4(6-c)  y}  -  {2  (a+  6)c-3  (6  +  c)y}. 

25.  4  {(a-h)(x  +  y)-{a  +  h)  (x  -  y)}   -2  {(a  +  h)(x  +  y)- 

(a-b)(x-y)}. 
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When  a  factor  is  common  to  all  the  terms  within  a  paii  of 
brackets,   that  factor   can  be   removed  from   each   term  and 
placed  outside  the  brackets. 
Thus  : 

(ax  +  bx)  =  (d  +  b)x, 
and  inrn   -   Qmu-  +  3mn  =  (im  -   Qn  +  3)  mn. 

Exercise  18. 
Place  in  brackets  the  terms  which  contain  like  powers  of  x, 
and  then  remove  that  power  of  x  outside  of  the  brackets  : 

1 .  imx-  +  onx-.- 

2.  2ax  +  obx  +  ex. 

3.  ax  +  bx  +  c.ir  +  dx'. 

4.  2x  +  3x-  +  5c«  +  4ma;-. 

5.  mx^  +   hiinx  +  nx^  +  pqv- 

6.  2x  +  cx^  +  dx  +  ex~  +  fx^  4-    4j--. 

7 .  d^bx  +  a'^bx'^  +  d'of  +  a-b'^x  +  ah^x'. 

8.  2x-  -  (3x-  +  ax-)  +  (ho?  -  ex-)  -  cs?. 

9.  ax-  -  {bx  +  cx^)  -  {ax  -\-  bx-)  +  {ax^  -  cx\ 
10.    3x  -  rt  (  2,i;-  +  3;i-)  +  b{x^-x). 


Use  brackets  to  indicate  : 

1 1 .  The  product  of  x  +  y  and  ;:. 

12.  The  product  of  x-\->/  and  «  +  />. 

13.  That  the  product  of  a-\-b  and  c  +  d\^  to  be  added  tr>  x. 

14.  That  the  pi'oduct  of  in  -  w  and  m-{-n  is  to  be  subtrat  i.ed 
from  11I-. 

15.  The  third  power  of  the  sum  of  a  and  b. 

16.  That  the  product  of  the  sum  and  difference  of  a  and  'j  is 
equal  to  the  difference  of  their  sqUares. 


80  ELEMENTARY   ALGEBRA. 

DIVISION. 
DIVISION  OF  A  MONOMIAL    BY    A    MONOMIAL. 

We  formed  the  product  of  one  monomial  by  another  by 
multiplying  their  numerical  coefficients,  and  writing  after  this 
product  the  literal  factors.  Hence  it  is  evident  that  to  divide 
one  monomial  by  another  we  must  divide  the  numerical 
coefficient  of  the  dividend  by  the  numerical  coefficient  of  the 
divisor,  and  write  after  this  the  literal  factors  of  the  dividend 
which  remain  after  removing  the  literal  factors  of  the  divisor. 

To  divide  -  20ab  by  +  56. 
Divide  -  20  by  +  5,  and  we  obtain  -  4. 
Remove  b  from  ab,  and  we  obtain  a. 
Hence  the  quotient  is  -  4a. 

To  divide  -  i^abc  by  -  4ac. 

-  16  divided  by  -  4  by  gives  +  4, 
and  ac  removed  from  abc  gives  b. 
Hence  the  quotient  is  +  46. 

To  divide  a^  by  a^. 
Since  a^  =  aaaaa, 
and  a^  =  aaa, 
•.  t/iie  quotient  obtained  by  dividing  a^  by  a^ 

=  aa  =  a}. 

From  this  we  see  that  if  one  power  of  a  letter  be  divided  by 
another  power  of  the  same  letter,  the  index  of  the  quotient  is 
obtained  by  subtracting  the  index  of  the  divisor  from  the  index 
of  the  dividend. 

To  divide  -  20a.*  x^  y  hy  +  ba^  x. 

—  20  divided  by  +  5  gives  -  4, 
and  a^  oi?  y  divided  by  d^  x  gives  axy 
Hence  the  quotient  is   -    4:axy 
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Exercise  19 

Divid 

e  . 

1. 

ab  by  a.                 2.  ab  by  h. 

3.   «6  by  aft. 

4. 

3ab  by  a.              5.    +  4o6  by  b. 

6.    -  5ab  by  aft. 

7. 

a»  by  a'.                 8.  a^  y'  by  .-c^  yl 

9.  x^  y^  z''  by  xyz-. 

10. 

-  14«^  by   -   2a^               1 1 .   20.7;=*  y*  by   -    ox"  y\ 

12. 

-  40a.--' . 7^  z'  by   -  4.xy2l    13.     _  4«/'6-C(^^  by   -  2a3fec</3 

U. 

-.rV^^by  rz".                    15.   8V'^" 

'*•  by   -  4/»5'V. 

16. 

72  a^ftVby  -9a7rc.          17.  abcpq 

by   -  wpq. 

18. 

-  aWc-d'' hy  -abcrl.        19.   72a-i/5 

by  -.^y. 

20. 

-45.'r>y2«by  -  9a:^yzl 

DIVISION    OF    A    MULTINOMIAL    BY    A    MONOMIAL. 

We  fouud  the  product  of  a  multinomial  and  a  monomial  by 
multiplying  each  term  of  the  multinomial  by  the  monomial. 
Hence  it  is  evident  tliat  we  can  find  the  quotient  of  a  multi- 
nomial by  a  monomial  by  dividing  each  term  of  the  dividend 
by  the  divisor. 

To  divide  2aft   -   6a-c  by   -   2a. 

+  2aft  divided  by   -   2a  gives  -  .', 
and    —  6a-c  divided  by  -   'la  gives  +   "ittc  ; 
.  •.  the  quotient  is  -  ft  +  3ac. 

Exercise  20. 
Divide  : 
1.   ax  -I-  ftic  +  ex  by  x.  2,  ax-  +  ba?  +  ex?-  by  0?. 

3.   2aa;  +  3fta;  +  4ca;  by  x.    4.  aji?  +   2ft.i'^  +   2>cx^  by  7^. 

5.  -   Zax  +  fibx  -   46ca;  by        x. 

6.  -   4a.t;'^  +   8ft,x^  -  6cx'  by   -   2.f-'. 

7.  -    \^abxy  +   ba^bx   -    1  oaft'-a;^-' by    -    bax. 

8.  -   8a?xY  +   12aVy    -     10a*a;yby   -   2axhr. 

9.  -   5aftc   -    \Oabd  -   '\'>!H-d  hy   -   5ft. 

iO.   l^a'bhd    -  4a2ftVri  ^   Saftc^'c^^'  +  4aftcc/ by  .4a6crf. 
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Dl'VWSION    OF    A    MULTINOMIAL    BY    A    MULTINOMIAL. 

We  found  the  product  of  two  multinomials  by  multiplying 
each  term  of  the  one  by  each  term  of  the  other  and  taking  the 
sum  of  the  partial  products.  Hence  it  is  evident  that  in 
finding  the  quotient  of  one  multinomial  by  another,  for  every 
term  of  the  quotient  found  we  must  remove  from  the  dividend 
the  product  of  that  term  and  each  term  of  the  divisor. 

Thus,  to  divide  a;-  +  7a;  +  1 2  by  x  +  3. 

It  is  evident  that  x  is  one  term  of  the  quotient. 

Hence  we  must  subtract  x^  +  3x  from  x^  -{■  7x  +  12:  this 
leaves  ix  +   12. 

The  next  term  of  the  quotient  is  +  4. 

The  product  of  a;  +  3  and  +  4  is  4a;  +  1 2, 

.".  the  quotient  is  x  +  4, 

The  work  is  conveniently  arranged  thus  : 

a;  +  3)a;^  +  7a;+12(a;  +  4 

x"^  +  Sx 

4a; +12 
4a; +  12 

A  term  of  the  quotient  may  easily  be  found  if  the  terms  of 
both  the  divisor  and  the  dividend  are  arranged  in  descending 
or  asci  nding  powers  of  some  common  letter.  Then  the  firt^t 
term  of  the  dividend  divided  by  the  first  term  of  the  divisor 
will  give  a  term  of  the  quotient. 

Hence  it  is  that  to  divide  one  multinomial  by  another  we 
usually  proceed  thus  : 

1.  Arrange  divisor  and  dividend  in  descending  or  ascending 

powers  of  some  common  letter,  and  keep  the  remainder 
after  each  subtraction  in  this  same  order. 

2.  The  first  term  of  the  dividend  divided  by  the  first  term 

of  the  divisor  will  give  a  term  of  the  quotient. 
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3.  Multiply   each   term  of  the  divisor  by  this  term  of  the 

quotient,  and  subtract  the  product  from  the  dividend 

4.  Repeat  these  operations,  taking  the  remainder  as  a  new 

dividend,  until  there  is  no  remainder,  or  one  in  which 
the   highest  power  of  the  common  letter  is  lower  than 
that  in  the  divisor. 
To  divide  x''  -  ia^y  +  Gx-y-  -  ixi/^  +  y*  by  x-  -  2xi/  +  y-. 
x"  -  Ixy  +  y')x  *  -  ix^y  +  Gx-y-  -  ixy^  +  y^  {x-  -  2xy  +  y^ 
X-*  -  2x^y  +  x^y"^ 
.    -  2x^y  +  5x'^2/'^  -  4:xy^ 
—  2oc^y  +  4:X^y^  —  2xy^ 

x-y"^  —  2xy^  +  y* 
x^y"^  -  2xy^  +  y* 

The  quotient  is     x~  -  2xy    +  y^. 

It  will  be  noticed  that  the  term  +  y^  was  not  brought  down 
with  the  remainder  after  the  first  subtraction,  as  there  was  no 
like  term  in  the  expression  to  be  subtracted. 

Exercise  21. 
Divide  : 

1.  x2  +  3«  +  2  by  tc  +  l.  2.  x^^-ix^\:\>j  x^2. 

3.  o;^  +  5a;  +  6  by  a;  +  2.  4.  a^  +  5a  +  4  by  a  +  4. 

5.  a;^  +  7a;  +  10  by  a;  +  5.  6.  a;^  +  7a;  +  6  by  a;  +  1 . 

7.  a^  -  3a  +  2  by  a  -  1.  8.  a;^  -  5a;  -  14  by  a;  +  2. 

9.  a^  _  7„+  12  by  a  -  3.        10.  a;^  -  7.r  -  18  by  a  -  9. 
11.  m^~m-2  by  m  +  1.         12.  c^-Sc- 18  bv  c  +  3. 
1 3.  a;^  +  2a;y  +  y^  by  a-  +  y.       14.  xr  +  3a'y  +  2y-  by  x  -j-  2y. 
15.  a;^  +  5a;y  +  6y^  by  x  +  3y.   1 6.  x-  -  5xy  -  1 4y'-  by  x  —  7y. 
17.  a'  -  1  lafe  -  1 26^  by  a  4-  i.  1 8.  m-  -  \2m7i  +  35?r'bym  -  5n. 

1 9.  3a;^y  +  8a;y  +  4y  by  xy  +  2y. 

20.  x^  +  ax  +  bx  +  ab  by  x  +  a. 

21.  x^  +  5x*y  +  1  Oa;^y-  +  1 0a;-y^  +  5a'y*  +  y"'  by  xr  +  2xy  +  y^ 
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22.  m^  +  2m^  -  im*  -  2»r  +  1 2»r  -  2«i  -  1  by  m'-'  +  2»i  -  1. 

23.  a;*  -  2ar^  -  7a;2  +  8a;+  12  by  .r^  -  .r  -  6. 

24.  4/  -  1  Qf  +Ui/'^\  by  2//^  -  4/  -  1 

25.  a;*  +  .i-'y-  +  /  by  ar  +  ,ry  +  y-. 

26.  2«y  -  3x^3/3  _  9j^y2  +  9^y  _  2  by  2xy  +  Sxy  -  2. 

27.  2x^1/*  +  1y?'if'z  +  ^tx^y^z-  -  IT.TT/z^  -  15s*  by  x-y-  +  4.i.-i/2 

+  bz'. 

28.  2  +  Ix  -  8.r-  -  1 6a;'  +  x^  +  4.r5  by  1  +  3a;  -  5a;2  -  ix\ 

29.  2a''  -  3rt-^6c  +  ba^bV  -  baWc^  +  5a-b'c*  -  3ab^c^  +  2b^c''  by 

2a-  -  abc  +  26V. 

30.  rrv'  -  m*  -  1  \m^  +  4?>i^  +  ^m  +  3  by  irv"  -  3?)i^  -  2m  -  1 . 

31.  a;-  +  y^  +  2a;y  +  2x  +  2y+\  hy  x  +  y  +  l. 

32.  cr  +  ^2  _  2a&  +  2«  -  26  +  1  by  a  -  6  +  1. 

33.  a^  -  a6  -  26^  -  36c  -  c-  by  a  -  26  -  c. 

34.  2a;^  +  bxy  —  3y^  -  3x  -  9y  hj  2x  —  y  -  3. 

35.  P  +  QPm  +  121m'' +  Sm^hyr-  + Urn +  im. 

36.  .r'-  +  y"  +  2^  +  2y2r  -  2;:,/'  -  2a;y  hj  x  -  y  —  z. 


Miscellaneous  Examples. 
Exercise  22. 

1.  Add  +10,   -7,  -6,   -13  and  +9. 

2.  Multiply  the  sum  of  -  10  and  +  6,  by  the  sum  of  -  6 

and  +10,  and  subtract  -  30  from  the  product. 

3.  Subtract  the  sum  of  a  -  26  -  c  and  2a  +  6  -  2c  from  the 

sum  of  6  +  2c  -  a  and  c-  a-  26. 

4.  When  a-  =  -  3  and  y  =  +  2,  find  the  value  of  x'^  +  2xy  +  y^ 

5.  Multiply  a'''  +  x'  +  x'^  +  x^  +  x-  +  x-  +  1  by  x'  -  2a-  +  1 . 


6.  Add  2«  +  36  +  4c,   -  3a  +  6  -  5c,  2a  -  26  +  2c. 

7.  Multiply  the  sum  of  a-  +  a6  +  6-  and  a-  -  ab  +  b'^  hy  a  +  b  ; 

then  multiply  the  result  by  a  -  6. 

8.  Divide  a;*  +  4a;^  +  1 6  by  x'-  +  2x  +  4. 

9.  Simplify  1  ',  -  [5  -  {3  -  1  -  (2  -  4)  -  6}  -  8]. 

10.  Find  the  value  u£  (3x  +  2yf  +  {2x  +  3yf  when  x=  -y. 
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11.  Find  tbe  expression  which,  added  to  2.r^-  3v  -  i,  gives 

the  sum  —  6  —  4,r  -  x-. 

12.  Multiply  {x  -  (2x  -  3y)  +  4//}  by  x  +  y. 

13.  Divide  1  -  x"  by  1  -  x.  ^ 

U.  Find  the  value_of        ^    /4  -:->~^.\  ~/'  t    - 

{a  -h){b-  c)  (c  -  a)  -^  ^ 

when  a  =  1,  6  =  2,  c  =_3. 

15.  If  qx  +  hf=  -  10,  when  ct=  +2,  6=  -2,  and  .r  =  +3, 

find  the  value  of  y. 

/  -     i    ■•;      -   -^   ■   '  -        _  -*~  C 

16.  Subtract  {a  +  h)  (c  -  d)  from  (o  -  ft)  (c  +  c£). 

17.  Find  the  product  of  x  -  2y,  .x"  -  ?/,  ic  +  y  and  a;  +  2//.         ^ 

18.  Simplify  «  [l  -  2{2  -  3  (1  -  46)}]. 

1 9.  Divide  a;^  -  ^xif  +  4y^  by  a;-  -  Ixy  +  y'-. 

20.  If  - — r   =  -  60,  when  r<  =  4  and  h=  -  2,   find  the  value 

of  c. 


21 .  Divide  ,//'  +  y.'-'y  +  lO.t^y-  +  \Qxhf  +  5.ry'  +  //'  V)y  .'»•'-'  +  2.7-7/ 

+  .'/'• 

22.  Multiply    2a  -  31  -  3   (a  +  /^  +  4   {2«-(r;-6)}   by 

a-6  {2-(4-6)}. 

23.  Find  the  value  of  the  product  of  .>--(-/7y  +  y '  and  ./;-'  -  xij 

-f-  V")  when  x=  -  1,  and  y  =  -^  '2. 

a        h  c 

24.  Find  the  value  v.f   -  -  -r  —  +  —    when  r/  =  +  2,   6  =  -  2 

hen 

o=+l. 

2').  If  a/»  =  24,  aufi  &c  =  36   and  aftc  =  144,  find  the  values  of 
a,  h  and  c. 
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CHAPTER  V. 

IMPORTANT    RESULTS    IN    MULTIPLICATION    AND    DIVISION. 
FACTORS    AND    MULTIPLES. 

To  find  the  square  of  a  binomial : 

(1)  (2) 

a  +  b 
a  +  b 

a^  +  ab 
+  ab  +  b^ 


a  - 

■b 

a  - 

-b 

a' 

~ab 

-  ab 

+ 

¥ 

a-  4-  2ab  +  b\  a""  -  2ab  +  61 

From  the  first  example  we  see  that  the  square  of  the  sum 
of  two  numbers  is  equal  to  the  sum  of  the  squares  of  the  num- 
bers, increased  by  twice  their  product. 

From  the  second  example  we  see  that  the  square  of  the 
difiference  of  two  numbers  is  equal  to  the  sum  of  the  squares  of 
the  numbers,  diminished  by  twice  their  product. 

Or,  remembering  that  the  sign  forms  a  part  of  the  term,  we 
may  say  in  each  case,  that  the  square  of  a  binomial  is  equal 
the  sum  of  the  square  of  each  term,  and  twice  the  product  of 
the  terms. 

Exercise  23. 

Find,  without  ordinary  multiplication,  the  square  of  eacri  of 
the  following  binomials  : 

1.  x  +  y.  %  y  +  z, 

3.  m  +  n.  4.   "2x  +  y. 

5.   2y  +  3«.  6.  3m  -(-  in. 

V.  03  -  y.  h.  y  -  z. 

9,  m-n.  10.  2x-y. 
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11.  2y-3z 

13.  2p  +  q. 

15.  ah  +  'lc. 

17.  2xy  +  h. 

19.  a;  +  |. 

21.  2a;  +  f. 

23.  2a  +  |6. 

25.  4a;2/  +  -^- 

27.  2a:2-^. 

29.  20  +  3. 

31.  60  +  1. 

33.  102. 

35.  100|. 

37.  1003. 


39.  What  term  must  be  added  to  x^  +  y'^  to  form  the  square 
oi  x  +  yl 

40.  What  term  must  be  added  to  cc^  +  y"^  to  form  the  square 
oi  x-yl 

41.  What   term   must   be   added  to  x'^-'r^xy  to    form    the 
square  of  .r  +  y  ? 

42.  What  term   must   be  added    to   x''  +  4:xy  to  form  the 
square  of  x-{-2y1 

43.  Form  a  complete  square  by  adding  a  term  to  x'  -  \Qx. 

44.  Form  a  complete  square  by  adding  a  term  to  ix}  +  \2x. 


12. 

3m  -  471. 

14. 

ah  +  c. 

16. 

lah  +  o. 

18. 

Zmn  -  4a. 

20. 

.T  +  |. 

22. 

2x-l 

24. 

3m  +  \. 

26. 

7x-l 

28. 

x'^ 
2-    2- 

30. 

30  +  2. 

32. 

100  +  3. 

34. 

105. 

36. 

99|. 

38. 

20001. 

Exercise  24. 
Express  each  of  the  following  as  the  square  of  a  binomial  ; 
1 .  ar'  +  2xy  +  y^.  2.  y?  -  2xy  +  y'^. 

3.  a^-^2ab  +  b\  4.  c'-2cd  +  d\ 

5.  x^  +  ^xy  +  4y^  6.  u?  -  Axy  +  4y^. 
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7. 

4x2  +  4a;+l. 

8. 

a^  +  iah  +  W. 

9. 

a-  +  2abc  +  hh"". 

10. 

9jt)^  -  1  Ipq  +  4^-. 

11. 

162/--8y  +  l. 

12. 

a;^  +  a-  +  i. 

13. 

x" 

4m^     4wi 

J+X+\. 

.     14. 

9+3+1- 

15. 

Wh""  -  iabc  +  c\ 

16. 

9x-2             16 
16      -^  +  9^2 

17. 

x'             y' 
y^               x" 

18. 

16-8a;4-x^ 

19. 

25a2_2a  +  ^V 

20. 

(«  +  6)^  +  2(a  +  6)c  +  c= 

21.  (x  +  v/)2  +  2(a;  +  y)z  +  «l 


Exercise  25. 


Make  a  square  by  adding  a  term  to  each  of  the  following, 
and  state  the  expression  of  which  each  is  then  the  square. 


1. 

m?  +  Imn. 

2. 

y  +  ^jyq. 

3. 

4.'^"  +  4jcy. 

4. 

m"^  +  6m. 

5. 

p"  +  Sp. 

6. 

4.x-2  +  12a;. 

7. 

«i^  -  2inn. 

8. 

pP-  -  2pq. 

9. 

4aj^  -  ^xy. 

10. 

m^  -  6??i. 

11. 

pr  -  8jo. 

12. 

ix^-\2x. 

13. 

x"  -\  6a;- 

14. 

y'  +  2y. 

15. 

z"  -  iz. 

16. 

x^  +  3a:. 

17. 

f  -  Sy. 

18. 

iz^  +  5z. 

19. 

jp2y2    ^    ^y^ 

20. 

iaW^r^ah. 

21. 

pV  -  ^pq- 

22. 

I6xy-2xy. 

23. 

\^x. 

24. 

y'    2// 

9+  3  ■ 

25. 

m^  +  wl 

26. 

p'  +  q'. 

27. 

1  +«-. 

28. 

l-2a. 

29. 

9  +  6??^. 

30. 

64a2+16a. 

31. 

4?nn  4- 1 . 

32. 

6m^w  +  ni^n^. 

33. 

x"^  +  ax. 

34. 

a?  +  hx. 

■35. 

.  x^  +  2cx. 

36. 

4:X?  +  ax. 

37. 

4x-  +  hx. 

38. 

4a- +  1. 

39. 

\  +  x. 

40. 

I  +  4«2. 

41 

.    -2  +  ic^ 

42, 

,  a  +  i 

\(  +•  ] 
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To  find  the  product  of  the  sum  and  difference  of  two 
numbers. 

a  +  b        sum  of  a  and  b. 

a  -  b       difference  of  a  and  b. 

a?  +  ab 
-ab-P 

o?  -b'^ difference  of  squares  of  a  and  b. 

From  the  above  example  we  see  that  the  product  of  the 
sum  and  difference  of  two  numbers  is  equal  to  the  difference 
of  the  squares  of  tlie  numbers. 

Exercise  26. 
Write  the  product  of  : 

1.  x  +  y  a,n(\  X  —  y.  2.  m  +  nandm  —  n. 

3.   b  +  c  and  b  -  c.  4.   6  +  2c  and  b  -  2c. 

5.   2m  +  n  and  2»i  —  n.  6.   2?;;  +  3?i  and  2m  —  2tn. 

7.   x  +  1  and  X  -  7.  8.  a:  +  4  and  x  -  4. 

9.  x-\-\  and  x  -\.  10.   1  +  ^b  and  \  -x. 

11.    1  +  2a;  and  1  -  2a;.  12.   3  -  2a;  and  3  +  2x. 

13.   2a6  +  c  and  2a6  -  c.  14.  a6  +  2c  and  a6  -  2c. 

15.   47im  +  bp  and  ihm  -  5p.    1  6.   2ab  +  ^  and  2ab  -  ^. 
17.  a'  +  b''  and  a?  -  U\  1 8    2a-  -  he  and  2a~  +  be. 

19.  {a  +  h)  +  c  and  (a  +  b)-c.  20.  a  +  b  +  c  and  a  -f  6  -  c. 

21.  (2a +  6)  + 2c  and  (2a +  6) -2c. 

22.  2a  4- 3ft  +  2c  and  2a +  36 -2c. 

23.  l  +  m  +  n  and  I  -  m  + '.?, 

24.  2a  -  6  +  3c  and  2a  +  6  +  3c. 

25.  a  -  ft  +  c  and  a  +  b  -  c 

26.  2a  -  ft  +  3c  and  2«  +  ft  -  3c. 

27.  a;^  +  a;  +  1  and  x^  ~x+\, 

28.  a?x^  +  a-a;  +  1  and  aV  -  a.r  +  1. 

29.  a?  -\-xy  ^y"^  and  x^  -xy  +  y\ 

30.  (l+a  +  a;2),  ^j  -x-^-x^)  and  (1  -a-2  +  a5*V 
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Conversely,  we  can.  always  find  the  two  factors  which  give 
a  product  of  the  form  a^  —  V^.  That  is,  if  an  expression  can  be 
written  as  the  difference  of  the  squares  of  two  numbers,  the 
expression  is  the  product  of  the  sum  and  difference  of  those 
two  numbers. 

Thus,  ^-y^  =  (x  +  y)  (x-y)', 

and  a^x^  -  Py^  =  (axf  -  (byY 

—  (ax  +  by)  {ax  -  by). 
Also  a2  +  2a6  +  62-c2  =  {a  +  bf-c" 

=  {a  +  b  +  c)  {a  +  b  -  c). 
And     a*  -  6*  =  {a"  +  P)  (a''  -  b') 

=  (a''  +  P){a  +  b)(a-b). 


Exercise  27. 

Fin 

id  the  factors  of  : 

1. 

c'  -  d\ 

2. 

??i^  -  n'' 

3.  q'-r'. 

4. 

a'y?  -  y\ 

5. 

oy^  -  y'^z'^. 

6.  a?y'^-z'^vP. 

7. 

im"^  -  n^. 

8. 

9p2  -  iq". 

9.   16x2 -9yl 

10. 

4-a^. 

11. 

9  -  if. 

12.   1       f  . 

4 

13. 

ia'b'-xy. 

14. 

x'-9. 

15.   16 -y«. 

16. 

49a26V  -  9. 

17. 

a^b*c^  -  d\ 

18.   l-16a2&V. 

19. 

25  -  l^p'q^. 

20. 

1  -  25pV. 

21.  81a2_25fe^ 

22. 

a'  -  25b\ 

23. 

a'  -  bK 

24.  a«-6«. 

25. 

16 -a*. 

26. 

625a;*  -  y\ 

27.     l^-^f. 

28. 

5V  -  256. 

29. 

7?-y\ 

30.  a^b^-c\ 

31. 

27=^ -23^ 

32. 

1032-972. 

33.  2202-25. 

34. 

(^a  +  by-c\ 

35.  a2  + 

2a6  +  62_c2. 

36. 

4a-  +  iab  +  b- 

-c^. 

37.  a2_ 

4a6  +  462_4c2. 

38. 

a'-(b  +  cf. 

39.  a^- 

62  -  26c  -  c\ 

40. 

a^-¥  +  2bc~ 

c~. 

41.  9.t2. 

-12a;y  +  4y2-25«=. 

42. 

{x  +  yf-{x- 

■yf' 

43.  {a  +  bf-{c  +  d)\ 
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45.  a-  -  iab  +  iPj  -  4:C^  +  icd  -  d"^. 

46.  9  -  4a:^  +  4£cy  -  ^.   ^      " 

47.  a'-h'^  +  c'-d''-  lac  -  2hd. 

48.  W  -  W  +  c'  -  25d^  +  iac  +  ZObd. 

49.  (x'  +  y^f-x'f. 

50.  a;*  +  a:V  +  2/^  51.  a;*  +  a;^  +  l. 


To  find  the  product  of  two  binomials  which  have  a  com- 
mon term. 

Consider  the  following  products  : 


x'+Ux  +  Sb. 
X  -  5 


X 

-5 

X 

-7 

a? 

-  5a; 

-7a;  +  35 

x" 

-12a; +  35. 

X 

+  5 

X 

-  7 

x^ 

+  5a; 

-  'Ix  -  35 

X  +7 
x^  -  5x 

+  7a;-35 
x""  +  2x  -  35.  x'-2x-  35. 

We  see  that  the  product  consists  of  three  terms  : 

( 1 )  The  square  of  the  common  term . 

(2)  The  product  of  the  common  term  and  the  sum  of 

the  unlike  terms. 

(3)  The  product  of  the  unlike  terms. 


Exercise  28. 
Find,  without  ordinary  multiplication,  the  product  of  : 
1 .  x+  2  and  x  +  S.  2.  a;  +  3  and  x  +  5. 

3.   a; +  7  and  a; +11.  4.  .r  -  2  and  a;  -  3. 

6.  a  -  3  and  a;  -  5.  6.  x  -  7  and  a:  -  1 1. 
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7.  03+2  and  x  -  3.  8.  x  +  3  and  x~  5. 

9.  .r  +  7  and  a;  -  1 1 .  10.  a;  -  2  and  x  +  3. 

11.  a;-3andx  +  5.  12.  a;- 7  and  a;  +  11. 

13.  m  +  9andm-7.  14.   (^+9  and  c/- 7. 

15.  2/ +  9  and  3/ -7.  16.  mn +  9  and  mn- 7. 

17.  de-9  and  cZe  +  7.  1 8.  y^  +  9  and  yz  -  7. 

1 9.   2a;  +  3  and  2a;  -  5.  20.   3?/  +  1 1  and  Sij  -  7. 

21.   3s  -  6  and  3s  -  8.  22.   imn  -  6  and  4mn  +  12. 

23.   3«&c  +  7  and  3rt/;c  -  9.  24.   ix'^y  +  13  and  4x'y  -  5. 

25.   3rt"y  +  7  and  3aV  +  ^  '''•  26.  a;  +  3  and  a;  +  3. 

27.  m+ 11  and  7?i  + 11.  28.   2a;  + 5  and  2x  + 5. 

29.   2w  +  7  and  2m +  7. 

When  the  unlike  terms  are  not  definite  numbers,  their  sum 
may  be  indicated  and  used  as  one  quantity  by  placing  in 
brackets. 

Thus  : 


x  +  a 

X  —  a 

x  +  h 

X  -  h 

X-  +  ax 

x^  —  ax 

+  bx  +  ah 

-  hx  +  ah 

x^  +  {a  +  h)  X  -f  '<:> 

x^  +  (  -a-b)  x  +  ab 

or, 

,  x'-  —  (a  +  h)  x  +  ab 

x  +  a 

X  -  a 

X  -b 

X  +  h 

x^  +  ax 

x^  -  ax 

-  bx  -  ah 

+  bx  -  ah 

x'^  +  (a  -  b)  x  -  ah  x-  +  (-  a  +  b)  x  -  ah 

or,  x"^  -  [a  -h)  X  -  ab 

Exercise-^. 
Write  the  product  of  : 
1 .  x  +  a  and  a;  +  2a.  2.  a;  +  36  and  a?  +  ib. 

3.  x-i-  2a  and  x  -  4«.  4,  x  -  36  and  x  +  46. 

5.  2.x  +  a  and  2a;  +  3a.  6.  3a;  -  46  and  3a; .+  76 
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7.  hnii  +p  and  imn  -  '2p.      S.   ahc     2x  and  abc  +  5a:. 

^9.  x+  2i/  and  x  -  5t/.  10    3x  +  '2i/  and  3£c  -  5^/. 

11.  2x'  -  9rt  and  2x-  -  7a.       12.   3a-^  +  10ft  and  Sa^'  -  106. 

13.  lOlmii  +  5x  and  10//n-«  -  9a;. 

14.  xy  +  z  and  xi/  +  w. 

1 5.  (a  +  6)  +  2  and  {a  +  h)  +  3. 

1 6.  {in  +  n)  +  5  and  (in  +  ?i)  -  6. 

17.  (2»i  +  /<)+  10  and  {2iu  +  n)-  15. 

18.  a  +  ft  +  3  and  «  +  ft  +  4. 

19.  m  +  n  +  10  and  m  +  w  -  7. 

20.  -  a;  +  7  and  -  x  -  9. 

21.  —  imn  +  11  and  -  imn  -  5. 

22.  -a  +  ft  +  3and  -a  +  ft-10.   ■ 

23.  x  +  2y  +  ?>z  and  a:  +  2^/  -  82;. 

24.  2x+2«  -  32/  and  2x  -  bz  -  3y. 

25.  2vin  +  4  +  3)0  and  2Hm  -7  +  3^.     "^ 

Conversely,  we  can  find  the  two  factors  which  give  a  pro- 
duct of  the  form  x-  +  9a;  +  14,  if  we  can  find  two  terms  which 
(1)  added  together  give  the  co-efiicient  of  x,  (2)  multiplied  to- 
gether give  the  third  term. 

Thus,  to  find  the  factor  of  a;^  +  9a3  +  14,  we  must  find  two 
numbers  which,  added  together,  give  +  9,  and  multiplied  to- 
gether give  +14. 

By  trial,  we  find  the  numbers  to  be  +2  and  +  7. 

Hence,  x^  +  ^x+U  =  {x  +  2)  {x  +  7). 

Again,  to  find  the  factors  of  of  ~9x—  22,  we  must  find  two 
numbers  whose  sum  is  -  9,  and  whose  product  is  -  22. 

Since  the  product  is  a  negative  number,  the  required  num- 
bers have  different  signs. 

And  since  their  sum  is  -  9,  the  absolute  value  of  the  nega- 
tive one  is  greater  than  that  of  the  other  by  9. 

Hence  the  numbers  are  -  1 1  and  +  2. 

Therefore,  a;^  - ,9a;  -  22   =  (x  -  1 1 )  {x  +  2). 


94  ELEMENTARY   ALGEBRA. 

To  find  the  factors  of  x^  —  5ax  -  S6a-. 

The  sum  of  the  two  unlike  terms  is   —  5a, 

and  their  product  is  -  36a^. 
Hence  the  two  terms  are  —  9a  and  +  4a. 
.•.  x^  -  bax  —  36a-  =  {x  —  9a)  (x  +  4a). 
When  simple  factors  of  an  expression  of  the  form  x^  4-  8a;  + 
12  can  be  found,  we  may  always  proceed  as  in  the  following 
examples,  where  we  write  the  expression  to  be  factored  as  the 
diflference  of  two  squares. 
a:^  +  8a;+12 

=  a;2-^8a;-il6  +  12-16 
=  (a; +  4)2 -22 
=  (x  +  4  +  2)(a:  +  4-2) 
=  {x  +  6){x  +  2). 

a:^- 17a; -60 

=  :c=  -  1 7a;  +  (h'-f  -  60  -  (V-)' 

=  (a;  +  3)(x'-20). 

Exercise  30. 
Find  factors  of  : 

1.   a;2  +  4a;  +  3.  2.  a;-  +  6a;  +  5. 

3.  a;-+10a;+16.  4.  a;2  +  7a;+12. 

r..  a;2  +  Sa;+15.  6.  x'^  +  Gx  +  H. 

7.  2/-+10y  +  21.  8.  f  +  8xj  +  7. 

9.  2/2+12^  +  20.  10.  f  +  liy  +  2i. 

11.  f-Qy  +  8.  12.  2/2-4y  +  3. 

13.  m2-8m  +  16.  14.  m^- 10a: +  24. 

15.  m2-10m  +  21.  16.  m^  -  10m  + 16. 

17.  «i2_i0m+    J.  18.  m^-lOm  +  d. 

19.  a2_i4a  +  24.  ^9.  a^- 10a +  24. 

V,  o2+i4a  +  21.  22.  0^+ 10a +  24. 
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23.   jnW  +  6m7i  +  8.  24.   pY-ipq  +  3. 

25.   a-ni-  -  8ani  +12.  26.  ahn^  +  12am  +11. 

27.  a;y«2-20a;y2  +  51.  28.  aW-'20ab  +  l9. 

29.  a2  +  4a-12.  30.  6^-46-12. 

31.  7?r-2m-63.  32.  m2  +  2m-63. 

33.  a;2-4x-21.  34.  a;2  +  4a:-21. 

35.  2/2 +  61/ -27.  36.  y^~&y- 27. 

37.  a2  +  4a-32.  38.  b^-8b-9. 

39.  ar=-5a:  +  6.  iO.  x'  +  bx-li. 

41.  6^-76+10.  42.  y^  +  9y-22. 

43.  aV  +  3aa;-70.  44.  aV  -  9afi;  -  70. 

45.  a2  +  3«6  +  26l  46.  a;2  +  5a;y+6yl 

47.  c'-l5cd-lQd^.  48.  n2  +  4n^  +  4p2. 

49.  ar-17a;y-60y2  50.  x''+17xy  -  QOy\ 

51.  4«2  +  12x  +  5.  52.   9a:2^36^+35 

53.  (a  +  5)2  +  8(a  +  6)  +  12.  54.  (m +  n)2  + 11  (m  +  n)  -  12. 

55.  (a +  6)2 -5  (a  +  6)c-14cl 

56.  (a +  6)2 -5c  (a +  6)  + 6c-. 

To  find  the  square  of  a  trinomial. 

Consider  the  expression  a  +  b  +  c.  We  caln  put  it  in  the 
form  of  a  binomial  expression,  if  we  place  two  of  the  terms 
within  a  pair  of  brackets,  Hence  we  can  find  its  square 
thus  : 

{a  +  b  +  c}-  =  {(a  +  6)  +  c}^ 

r=  {a  +  bf  +  2  {a  +  b)c  +  c' 

^  a''  +  2ab  +  b-  +  2ac  +  26c  +  c" 

=  a^  +  6^  +  c^  +  2a6  +  2ac  +  26c 

Similarly, 

(x" -2x+ ?>)  =  {' y?-2x)  + ?>Y 

=  {x"  -  2xf  +  2  (ar=  -  2a-)  3  +  3' 
=  a*-4a;3  +  4a;2  +  6a;-- 12x  +  9 
-  a;*-4x3+iOx2_i2x  +  9 
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Or,  since  in  finding  the  square  of  any  expression  we  mul- 
tiply the  whole  expiession  by  each  term,  and  take  the  sum,  it 
is  evident  that  in  forming  the  square  of  any  expression  we 
take  the  square  of  each  term,  and  twice  the  product  of  every 
two  terms. 

To  make  sure  that  we  take  twice  the  product  of  every  pair 
of  terms,  we  may  perforin  the  operation  in  this  way  :  take 
twice  the  product  of  each  term  and  all  terms  which  follow  it. 

Exercise  31. 
Write  the  squai-c  of  : 
1.  x  +  y  +  z.  2.  x+'2y  +  z.  3.  xi-2y  +  3z. 

4.  X  -  y  +  z.  5.  x+  2y  -  z.  6.  x  -  2y  -  Sz. 

7.   a  +  b  +  c  +  d.     8.  a  ~  b  +  2c  -  3d.     9.    2a;  -3y  +  4:Z-r  5w. 
10.  x'^  +  x+l.        11.  x'  +  xy  +  y"^.         12    x'  +  2xy  +  y^. 
13.  x^  +  x'^  +  x+  1.  14.  x^-x-  +  x-  1.   15.  a^  +  3a'^b  +  3ab'^  +  b^. 
Find  the  expressions  of  wliich  the  following  are  the  squares: 

16.  0^  +  2ab  +  r--  2ac  -  2bc  +  c\ 

17.  x^  —  2xy  +  y"  -  2yz  -{-  2xz  +  z"^. 

1 8.  x^  +  Ley  +  4/  +  &xz  +\2yz  +  %z\ 

19.  4ar'  -  ixy  +  //^  -  1 2^:^  +  (jyz  +  ^z\ 

20.  a'-'  -  2ab  +  V'~2a  +  2b  +  \. 

To  find  the  cube  of  a  binomial : 

By  actual  multiplication  we  find  that  (a  +  bY  =  a^  -)-  3a^b  + 
3ah-  +  P. 

Since  every  binomial  may  be  put  in  tha  form  a  +  b,  we  are 
able  to  write  out  its  cul)e  without  the  ordinary  process  of 
multiplication. 
Thus  : 

(a-bf  =  a'  +  3a'{-b)  +  3a{-bY  +  {-bY. 
=  tv' -  3a^b  +  3ab^  -  b': 
And  (2x  +  3yf  =  (2xf  +  3  (2xY  {  +  3y)  +  3  ( +  2x)  {  +  3yf  + 

=  8x^  +  3Qx-y  +  Dixy'  +  27y' 
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Also(2a;-3y)3  = 
+  (-3y)' 

(2xy  +  3  {  +  2xf  (-3y)  +  3  (  +  2x)  (  -  3y) 
Sx"  -  3^3<?y  +  54a^2  _  27^3. 

Expand  : 
1.  {x  +  yf. 

4.  {x-^f. 
7.  (a; +  4)1 

Exercise  32. 

2.  (x-y)\             3.  (2ic  +  y)». 
5.   (3a;  +  2y)'.         6.  (3a -26)1 
8.  (2x  +  l)l          9.  (l-2a;)3. 

10.   (2a: +  3)2. 

11.  (2-3xf.        12.  (2-^)' 

13.    {(a  +  b)  +  c}?. 
16.   {x  +  2y  +  3zf. 

14.  (a  +  6  +  c)3.     15.  {a^b-'cf. 
17.  {2x-y-^z)\  18.  (l-£c  +  ar')». 

Consider  the  following  multiplications  : 

(1) 
a^  +  ab  +  b'' 

(2) 
a2  -  a6  +  62 

a  -b 

a  +6 

a^  +  d-b  +  ab' 

-                        a^  -a^b  +  ab 

—  a^b  -  ab' 

i-p                    +a''b-ab'+b^ 

a'  -6^  a^  +6*. 

We  may  write  the  results  thus  : 

(a  -  6)  {a^+ab-\-b')  =  a^  -  b\ 
(a  +  6)(a2-a6  +  6»)  =  a^-\-¥ 

Exercise  33. 
Multiply  : 
1 .  (x  +  y)  (a;^  -  xy  +  /).  2.  (a;  -  y )  (a,-  +  xy  +  y^). 

3.   (c  +  d)  (c^  -  cd+<P).  4.  (a  -  c)  (a-  +  ac  +  c'-). 

5.  (2.f  +  a)  (4x-'-'  -  2a:a  +  a^).      6.  (2a  -  c)  (4a-  +  2ac  +  c^). 
7.  (2a  +  6)  (4a-''-2a6  +  6'-').      8.   {2x-3y)    (4a;'' +  6a;y  +  9/). 

9.  (2a+36)(4a2-6a6  +  96'^).10.   {x  -  \)  {x' + -^  +  \). 
1 1 .  (a;  +  i )  (a;-^  -  ^  +  J).         1 2.   (a^  -  i"-')  (a*  +  a-'i"^  +  6*). 
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1 3.  {ac  +  6^)  (aV  -  ahh  +  b').\ 4.   (rc^  +  yz)  (x*  -  x^yz  +  y^z"), 

.      15.  (4x-  +  l)  (IGx-^-i-x+l).    16.   (2  +  xij){4.-2xy  +  x^y^). 

17.  (2m  +  3w)  (4m='  -  67Jiw-f  9^^). 

18.  K-1)  (a'  +  a'  +  l).  19.  (1+a')  (l-a^+a*). 

20.  (2x2+1)  (4a:'' -ar'+i). 

Complete  the  following  statements  by  writing  the  necessary 
factois  : 

21.  (x+y)  (         )  =  a?^y\ 
22.{x-y){         )  =  o?-f. 

23.  (a-f  26)(  )  =  a^  +  m. 

24.  (2.x  -  3?/)  (         )  =  8.z;3-27/. 

25.  (l-2a-;  (  )  =  1  -  Sa^. 

26.  (2i/+i)(         )  =  Sy^+f 

27.  (5m-3?t)^  )=    125m3-27ri^ 

28.  {m'-\-nm-^7i^){  )  =  77r' -  «=*. 

29.  (a--a6  +  5-)  (  )  =  o?-{-¥'. 

30.  (4a;'^+10a;y+25y-)  (  )  =  8a;»  -  125y3. 

31.  (9m--3m  +  l)(         )  =   27^^+1. 

32.  (l+4/?i  +  16//r;  (  )  =   1  -  64ml 

If  an  expression  can  be  written  as  the  sum  or  difference  of 
the  cubes  of  two  numbers,   it  can  readily  be  shown  to  be  the 
product  of  two  factoi's. 
Thus,  8x^  +  27?/3 

=  {2xf  +  {^yr 
=  {2x  +  3y)  (4a;2  -  6x-y  +  9/j. 
And,  125m^w^-l 

=  {bmiif  -  P 
=  {bmn  -  1)  (25mW  +  5wM  +  1). 


Exercise  34. 
Find  factors  of  : 
1.  p^  +  q\  2.  p'~q\  3.   S^^  +  jl 

4.  p^-8q\  5.  Sp'  +  27f.  6.  27//6='-l. 

7.  8-12521  8.  1000«;«-yl  D.  a.V  +  «'' 
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10.  a^  +  ¥c^  11.   {a  +  bf  +  c\  12.  a'  +  (b  +  cf. 

13.   {a  +  bY-c\  U.  a'-(b  +  cy.  15.  a='  +  (6-c)^ 

16.  a'-{b-cj\  17.  «2  +  3a-6  +  3a62  +  ^)--'-c^ 

18.  a^-b^-3b-c-3hc--c\ 

19.  27-a'-3a-6-3a6--6l 

20.  Show  that  a:  +  y  is  a  factor  of  (x  -  3)^  +  (y  +  3)1 

21.  Show  that  x+i/  is  a,  factor  of  (6x'  +  5j/)'^  +  (4x'  +  Sy'/. 

22.  Show  that  a;  -  y  is  a  factor  of  \{a+l)x  +  by\'^  -  \  [ax  + 

23.  Show  that  a;  +  y   is   9    factor  of   {{^  ^  >^^)  ^+2>>/y  + 

{?na;  +  (l  -^p)i/]". 

24.  Express  x^  -  1  as  the  prcduct  of  four  factors. 

25.  Express  64  -y®  as  the  product  of  four  factors. 

26.  Show  that  x  +  ij  is  a  factor  of    {(1  -  m)  x+pi/  +  qzY  + 

{mx  +  {l-p)y-qz}\ 

We  have  shown  how  to  find  the  factors  of  a  trinomial  of 
the  form  x-  +  mx  +  n,  by  arranging  the  expression  as  the 
difference  of  two  squares. 

The  same  method  may  be  applied  in  finding  the  factors  of  a 
trinomial,  such  as  8x^  +  22a:;  +  15. 

For,  8a:2  +  22.x+15 

=  8(a;2+i_i.a:  +  J/) 

=  8{(X4--V-/-6V} 

=  8(a;  +  V-  +  i)(a^  +  V--i) 
=  8(a;  +  |)(a;  +  |) 

=  (2a;  +  3)  (4.r  +  5). 
Also,      '    '  5a2_  12a  +  4 

=  5!a2--Va  +  j} 

=  5{(«-«)^-|f  +  i} 

=  5{(a-|)^-(|f} 
=  5(a-|)(a-2) 
==   (5a -2)  (a -2). 
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Exercise  35. 
Factor  : 

1 .  6x--  +  5.r  +  1 .  2 .  6ic-  +  7x  +  2. 

3.  Qx'-x-2.  4.  Qx^  +  x-2. 

5.   5x^+12xy  +  4i/-.  6.   56^-1 26c +  4cl 

7.  5c-  -  8cd  -  id'i  8.  5.«"  +  1 2xy  +  4y-. 

9.   12«-  +  «-20.  10.   12^2 -a- 20. 

11.   12rt-'-31a  +  20.  12.   12aH53a+ 20. 

13.   12a2-43a-20.  14.   12a-^  -  53a^  +  2062. 

15.  8a;-  +  22a:y  +  15y2.  ig_   8x' -  22xi/-\-l5y\ 

17.   Sa''-2ab-l5b-\  18.   Sa' +  2ab  -  15b-. 

19.   50.'r-  +  51a;+l.  20.   48.r-  + 90a-y  +  27y- 


A  simple  factor  is  one  that  cannot  be  resolved.  Such  as, 
3,    —  5,  a,  X  -  y. 

A  common  factor  of  two  or  more  algebraical  expressions 
is  an  expression  which  will  exactly  divide  each  of  them,  and 
the  highest  common  factor  is  the  product  of  all  the  com- 
mon simple  factors. 

Highest  common  factor  is  denoted  by  the  lettei'S  H.C.F. 

The  common  simple  factors  of  4(rrZ)c-  and  ^alrc'd,  are  2,  a, 
b,  c  and  c. 

Hence  the  H.  C.  P.  of  ia'bc'-  and  Gab'-chl  is  2abc^. 

Also  the  common  factors  of  6  («'-  -  b-)  and  8  (a^  —  2ab  +  b-) 
are  2  and  a  -  b. 

Hence  their  H.  C.  F.  is  2  (a  -  b). 


Exercise  36. 
Find  the  H.  C.  F.  of  : 

1.  ab^  and  a-b.  2.  abc^  and  a-bc, 

3.  m^n  and  m'-  4.  ab'-c^d*  and  a^b^c^d. 

6.  Ga^b^c  and  9a6V.  6.  2ix-y  and  SQx^y^. 
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7.   15a;-yV  and  25  yh-.  8.    Ua^b'c''  and  Ib'^c^ 

9.   4a6,  Ga^i^g  and  126V.      10.  a^x\  20,<W  and  IOjc^ 

11.  .'c-  +  5a;  +  6  and  o6-  +  ix  +  3. 

1 2.  a;-  +  5a;  +  6  and  x^  +  3.-^;  +  2. 

13.  6  (a;^  -  1 7a;  +  70)  and  8  (a;^  -  3a;  -  28). 

14.  a-  +  6a6  +  86^  and  cr  +  iah  +  4^-. 

15.  a;2  +  10a;y  -  Uy'  and  x"^  -  iy\ 

16.  x^  +  ^xy  +  2y-  and  a;-  +  ^xy  +  8?/*". 

1 7.  3a^  -  4a J  +  Ir  and  4a-  -  5a6  +  u^. 

1 8.  («  +  hf  -  c'  and  (a  +  c)^  -  Jl 

19.  x-  +  bx+  4,  a;'-  -»  i  and  a:^  +  2a;  -  C. 

20.  X''  +  y^,  X-  +  2.<'y  -h  y-  and  ^'''  -  2/'. 


A  common  multiple  of  two  or  more  algebraical  expressions 
is  an  expression  which  is  exactly  divisible  by  each  of  them, 
and  the  lowest  COmmon  multiple  of  the  expressions  is  that 
common  multiple  which  has  the  least  number  of  simple 
factors. 

Lowest  common  multiple  is  denoted  by  the  letters  L.  C.  M. 
The  L.C.'M.  of  4a-ic-  and  6a6VW 

is  12a'b"cM. 
Also,  the  L.  C.  M.  of 

6  (a-  -  h-)  and  8  {rr  -  '2ab  +  b~), 
that  is,  of  6  (a  -  h)  (a  +  b)  and  8  (a  -  i)  (a  -  b) 
is  24  (a  -  bf  {a  +  b). 


Exercise  37. 
Find  the  L.  C.  M.  of  : 

1.  a%c  and  a¥.  2.   ?>m^n  and  4toV. 

3.   ^xy'^z'  and  ^yz^w^.  4.   5a-6''c;-  10a//c''  and  15a^6 

5.  a2  _  52  and  (a  +  hj.  6.  {a?  +  W)  and  (a  +  h)\ 
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7.  ix-  -  1  and  4.X"  +  4a;  +  1.     8.   ;r  -  4  and  .r'  +  8. 

9.  b(b'-l)  and  5(^+1).      10.  a-  +  ^  and  (,r  +  yf 

11.  X-  +  5a;  +  6  and  x'  +  7a;  +  1 2. 

12.  a;2  +  9a;  +  20  and  a;'  +  a;-20. 

13.  .'K'  —  3x  —  4  and  x~  —  1. 

14.  2x-  -  a; -  3  and  ix^  -  12a;+  9. 

15.  0"  +  6ab  +  %""  and  a?  +  lab  +  \2b\ 

16.  6x-  +  a;-12  and  4^"  +  4a;-3. 

17.  4'/2  +  n/;-3and6"-f6&  +  9. 

18.  {a  +  b  +  cf  and  (a  +  bf  ~  c^, 

19.  «"  -  h''  +  c-  -  2ac  ai;.d  «"  -  &«  -  c''  ~  5:6c. 

20.  a;"  -!-  4a;  +  4,  a;-  +  5x  -^  ^  and  T"  -{-  6a"-  -!-  9. 
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CHi^.PTER   VT 


SIMPLE     EQUATIONvS. 


An  equation  is  a  Btatement  that  two  expressions  are  equal. 
Thus  2a;  +  3  =  3x;  or,  x  (x  —  4:)  =  x-  —  4x. 

The  two  expressions  which  are  stated  to  be  equal  are  called 
the  members  or  sides  of  the  equation. 

Equations  are  commonly  divided  into  two  classes :  identical 
equations  and  conditional  equations. 

An  identical  equation,  or  an  identity,  is  cne  of  which 

the  two  sides  are  equal  whatever  numbers  the  letters  stand 
for.     Thus,  X  (cc  —  4)  =  x'  -  ix. 

A  conditional  equation  is  one  of  which  the  two  sides  are 
equal  only  when  the  letters  stand  for  particular  numbers. 
Thus,  2a:  +  3  =  3x,  is  true  only  when  x  stands  for  3. 

The  term  equation  when  used  without  any  qualifying  word 
usually  means  a  conditional  equation. 

A  letter  which  must  have  a  particular  value,  in  order  that 
the  statement  of  equality  may  be  true,  is  called  the  unknown 
quantity.  And  the  value  of  this  unknown  quantity  is  the 
number  which,  when  substituted  for  it,  will  satisfy  the  equa- 
tion.    This  value  is  called  a  root  of  the  equation. 

To  solve  an  equation  is  to  find  the  root,  that  is,  the  value  of 
the  unknown  quantity. 

In  the  equation  2a:  +  3  =  9, 

2a: +  3  is  the  left-hand  member,  or  side, 
9  is  the  right-hand  member,  or  side, 
X  is  the  unknown  quantity, 

3  is  the  value  of  x,  which  satisfies  the  statement, 
and  therefore  3  is  the  root  of  the  equation. 
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A  simple  equation  is  one  which  contains  only  the  first 
power  of  the  unknown  quantity. 

The  unknown  quantity  is  usually  denoted  by  the  letter  x, 
although  any  other  letter  would  do  equally  well. 

In  solving  equations,  the  following  axioms  are  assumed  : 

If  equals  be  added  to  equals  the  sums  are  equal. 

If  equals  be  taken  from  equals  the  remainders  ai-e  equal. 

If  equals  be  multiplied  by  equals  the  products  are  equal. 

If  equals  be  divided  by  equals  the  quotients  are  equal. 


Consider  the  ff)llowing  equations  : 

(1)  2.x  =  6. 

If  we  divide  each  of  the  equal  members  of  this  equation  by 
2,  we  obtain  equal  quotients. 

.-.  .T=3. 

(2)  .5,r-6  =  .3,r. 

If  we  add  fi  to  each  of  the  equal  members  we  obtain 

5.-C  -  6  +  6  =  .3,r  +  6. 
That  is,  5x  =  .3.t  +  6. 

If  now  we  subtract  3rr  from  each  side,  we  obtain 
bx  —  3.T  =  ?>x  —  3a;  +  6 
or,     bx  -  S.T  =  6, 
or,  2.C  =  6. 

x=?>. 

(3)  Ax-1  =  2x-\-  5. 

If  we  add  7  to  each  side,  and  also   subtract   2.r  from  each 
side,  we  have 

ix-1  +  1  -2x=2x-'ix+1  +  b, 
or,   4.x  -  2x  =  7  +  b, 
that  is,  2r=12. 

a;=6. 
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From  these  examples  we  see  that  any  term  may  be  trans- 
ferred from  one  side  of  an  equation  to  the  other,  provided  we 
change  its  sign ;  for  this  is  equivalent  to  adding  the  comple- 
mentary tei'm  to  each  side. 

This  transposition  of  terms  enables  us  to  place  all  the  terms 
containing  the  tinknown  quantity  on  one  side  of  the  equation, 
and  all  the  other  terms  on  the  other  side. 

And  by  combining  terms  the  equation  is  reduced  to  the 

form 

ax  -  b. 
Dividing  both  sides  by  a,  we  have 

b 
a 
(4)  4(.x-5)  +  3{.r-2)=2  (2x  +  i)-VD. 

Removing   the  brackets,  we  have  ; 

4x  -  20  +  3.r  -  6  =  4a;  -f  8  -  15. 
Transposing  terms,  we  have  : 

4x  +  3x-4:x  =  20  +  6  +  8-  15. 
That  is,  3a:- 19. 


Exercise  38. 
Solve  the  equations  : 

1.  2x  =  8.  2.  2a;=-8.         3.    -3.t  =  9. 

4.    13a;=  -39.      5.  mx  =  4m.  6.  ax=  -a'. 

7.   2a: -I- 0=17.     8.  3a:- 7  =  17.      9.   5a:  +  3--22. 
10    lla-  =  45-4a:.  11.   12a- -|- 5=  7a:  -  .30. 

12.    13a:-15-|-2x  =  60.  13.   2a:- 27  -  14a:  +  5  =  100  -  3x. 

14.   20a: -17  =  18  4- 13a:.         15.    14-a:  =  a;-6. 

16.  3-4a:-5-f  6a:=7-8a:. 

17.  5-10a:-8-3.r  =  2-6a:  +  30. 

18.  2  (a: -5)4- 3  (a: -14)  =  8. 
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19.  4a;-(ar+3)=12. 

20.  2{x-5)  +  S{4:-2x)  =  6(2x-i).- 

21.  05-4  (2* -3)  + 3  (x- 7). 

22.  5(a;-6)  +  6  (a;-5)  =  0." 

23.  (a^-3)  +  2  (a;-4)  +  3(a;-5)  =  4  (a;- 6) -(10 -:r). 

24.  5-3  (2-3x)=4  +  (a:-17). 

2').  14-2{a;-3  (.x-4)-4}  =  24.  > 

26.  5-3{2-x-4  (5-a;)-3}.=: -50. 

27.  3{.r-2(3-2a;)}=10-2(a;-7). 

28.  16  +  3  (x-7)^4:{2-3(2-x)  +  x}. 

29.  2-[2-{2-(2-2a;)}]  =  a;. 

30.  (x-2)  {x  +  3)=x''+-2x+20. 

31.  (a:  +  4>2  =  (a;-3)  (x-\-7). 

32.  (a: -4)  (X- 5)  + 17  =  a:  (a;  + 6) -100. 

33.  2  {X-  6)  4-  {x  -  if=  x{x+  10). 

34.  (a:-4)  (x~6)  +  {x-6  (a  -  2) -(a:  + 1)  {x-3)  +  x\ 

35.  4  (a;- 2)2-^3  (a;  +  3)2  =  7  (a:- 1)  (x  +  1). 

36.  (2x+3)  (2a; -5)  =  4  (a; -1)1 

37.  (a;+l)2   +(a;+2)2  =  (a;-l)2  +  (a;  +  3)l 

38.  (2.r  +  3)  (a;-5)  +  (a;+2)  (x  +  7)  =  3  (a;-l)  (a;  -  4). 

39.  x  +  (x^7f~(x-9f  =  (x-7)  {x-9)-x\ 

40.  (x+l)  (x  +  3)  {x  +  b)-{x-2)  [x  +  i)  (a:  +  7)  =  100. 
When  some  of  the  coefficients  are  fractions,  if  we  multiply 

both  sides  of  the  equation  by  a  number  which  is  a  multiple  of 
each  of  the  denominators,  we  get  rid  of  the  fractions. 

Evidently  the  L.  C.  M.  of  the  denominators  will  be  a  suit- 
able multiplier.    . 

To  solve  : 
(1)  ^x+lii  =  l5  +  ^x. 

Multiplying  both  sides  by  12,  we  have 
4x-+170=180  +  3x. 
.-.  4x-3x    -180-170. 
.-.  X  =10. 
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To  solve  : 
(2)  «(x-2)-^(«:-4)  =  10. 

Multiplying  both  sides  by  6,  we  have 

5  (a;-2)-i  (a;-4)  =  60. 
.-.  5a;-10-2a:  +  8  =  '30. 
.-.  5x-2x=6(j  + i(j -o 

.-.  x=20l 

X  -  i 
Note  tiiat  ^  (x  —  *)  is  the  same  ar   — _—  . 


i^XliKCISE    39. 

Solve  : 

1.  fx  =  8. 

2.  |x=10. 

3.    4:r=3f 

2x 
4.    -3-=  12. 

3x 
5.  -r  =  l5. 

4 

6.    J- -6. 

7.  |x+10  = 

=  |a;  + 

2i. 

3x     2x 

9.  10-3Ja;  =  a:+-60-  |- 

10.  i(x-6)=^(a:+12). 
X4-8     x  +  2 

a:        a:        5a;         3 
^^-    4  +  6   "^"12  =    2' 

13.  ^(a:-3)  +  i(2x  +  4)  =  /^(x-8). 

14.  f  (x-2)  (2x-6)  =  f  ^a;-5)  (3x-2; 

2x  -  3     5  —  6.T     , 
15 =  ^• 

16.  4- (5x- 9)  + 1  (7a; +  8)  =23. 
3a:-17      2a; -9     a;  +  40 
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5a- +  2      3a;+4      25.T_p^ 

3.x  +  5     x+  i'6     c       f>  J 

20.  -—; —  _         ._  ^.  5a;  -  ?4. 

21.  3(^  +  2)-|(.r  +  4)=4(.r-o)-2. 

22.  {x-2)  (x-3)~-l  (x-Q)  {x+l2)=^x{x^lO\ 
X-  1      10.r  -4b 

24.  v'2  (3x  -  7)  -  1  (2a;  -  4 )  =  ^V  ( 5x  +  8). 

4a;     2a;  +  3       3a; 
/o.     y  5  8 

26.    -g  -      .-J—  =  5a;  -  9. 

3.T  +  2  _  2a;  -  3  _  .T  -  1 
^^-    "~5  2~     T^' 

nc,     5      X  +  2     5a;  -  3 


29. 


9         2  4 

5a;      X      X—  2      x 

6"~1  ~"To~  "go' 


2x  +  9  „       ^x 

30.      -4--|(.r-l)  =  3--_-. 
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CHAPTER  VTT. 

Exercise  40. 

If  X  is  an  algebraical  number,  state  the  meaning  of  each  of 
the  following  expressions  : 

1.  2x.  2.    -2x.  3.  x  +  2.  4.  a; -2 

5.  a; +  5.  6.   2x^-5.  7.  2x--5.  8.   7  -  2a;. 

9.  2(x  +  3).  10.  (x-hQf.       11.  (3x-2)-.     12.   14-4(a-  +  6). 

13.   2.^>  =  7.        14.  {x  +  2y^x{x  +  3). 

15.   20-3  (x  +  4)  =  5. 


Exercise  41. 


Using    X   to   represent    the    unknown    number,    write    an 
algebraical  expression  which  represents  : 

1.  Double  the  number. 

2.  Five  times  the  number. 

3.  The  sum  of  the  number  and  2. 

4.  The  result  of  subtracting  4  from  the  number 

5.  The  sum  of  double  the  number  and  20. 

6.  The  square  of  the  sum  of  the  number  and  10. 

7.  The  product  of  the  number  and   the  sum  of  the  number 

and  7. 

8.  The  amount  by  which  the  number  exceeds  60. 

9.  The  excess  of  the  number  over  50. 

10.  The  excess  of  100  over  the  number 

11.  The  amount    which    must    be   added    to  the  number  to 

make  40. 
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12.  The  amuunt  which  must  be  subtracted  irom  duuble   the 

number  to  make  40. 

13.  That  the   excess  of  double    the  number   over  10  is  equal 

to  30. 
1-1.  That  the  square   of  the  sum   ot    twice  the  number  and 
three  is  equal  ^<~'  four  times  the  square  of  the  number. 

15.  That  if  20  be  added  to  three  times  the  number  the  sum 

will  be  50. 

16.  The  number  greater  by  one. 

17.  The  three  loiiowing  consecutive  numbers. 

18.  That  the  product  of  the  two  following  consecutive   num- 

bers is  equal  to  5u. 

19.  That  the  square   of  the  sum  of  the  number  and  six,  is 

greater    hy    20    than    tne    square    of    the    sum    of    the 
number  and  five. 

20.  That  the  product  of  the  next  two  consecutive  numbers 

is  greater  than  the  product  of  the  two  preceding  con- 
secutive numbers  by  42. 

The  principal  application  of  elementary  algebra  is  the  solu- 
tion of  problems. 

Consider  the  following  problems  : 

(1 )  Find  a  number  such  that  it"  10  be  added  to  double  the 
iiiijiber  the  sum  will  be  50. 

Let  X  repi'esent  the  number. 
Then  2x  represents  double  the  number. 
And  2.C+  10  represents  the  sum  of  double  the  number  and  10. 
But  this  sum  is  50. 

.-.     2i;-f-10  =  50. 
2r  =  40. 
a;  =  20. 
Therefore,  the  required  number  is  20. 

(2)  ^  has  1 1 00  and  /i  has  $40     how  much  must  A  give  £ 
in  order  that  B  may  have  as  much  as  J  / 
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Let  X  represent  the  number  of  dollars  which  A  must  give 
£. 

Then  100  — a;  represents  thie  number  of  dollars  wliich  A 
will  have  left. 

And  iO  +  x  represents  the  number  of  dollars  which  £  will 
then  have. 

.-.   i00-ic  =  4O-f-«. 
.-.    -•2x=  -60, 
.-.  .T  =  30. 

Therefore,  A  must  give  B  $30. 

Hence  we  see  that  we  can  solve  a  problem  by  representing 
the  unknown  number  by  x,  and  then  expressing  the  conditions 
of  the  problem  in  the  form  of  an  equation.  The  solution  of 
this  equation  gives  us  the  unknown  number. 


Exercise  42. 


Solve  the  following  problems  : 

1.  The  sum  of  two  numbers  is   45  ;  if  a;  represents   one   of 

the  numbers,  what  will  represent  the  other  1 

2.  If  X  and  76  represent  two  numbers  whose  sum  is  120  ; 

find  jc. 

3.  A  person  has  x  dollars,  a  second  person  has  10  dollars 

more  than  the  first,  together  they  have  40  dollars  ;  how 
many  dollars  has  each  ? 

4.  The  sum  of  two  numbers  is  73,  and  one  of  the  numbers  is 

44  ;  find  the  other. 

5.  The  difference  of  the  ages  of  two  persons  is  14  years,  and 

the  age   of  the  elder  is   42  years  ;  find  the  age  of  the 
younger. 

6.  The  Bum  of  two  numbers  is  54  and  their  difference  22  ; 

find  the  numbers. 
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7    If  X  and  2x  +  6  represents  two  numioers  whose  difference 
is  22,  find  the  numbers. 

8.  One   boy   has  22  marbi&s  more  than  another  boy  ;  if  he 

also  has  6  more  than  double  as   many,   find  how   many 
each  has. 

9.  The  result  of  adding  5  to  double  a  certain  number  is  the 

same  as  subtracting    15  from  four  times  the   number. 
Find  the  number. 

10.  One  number  is  greater  than  another  by  2  :  their  sum  is 

50.     Find  the  greater  number. 

11.  One  number  is  less  than  another  by  3  ;   their   sum   is   39. 

Find  the  numbers. 

12.  The  sum  of  two  numbers  is  50  ;  one  is  greater  than  the 

other  by  10.     What  are  the  numbers  ? 

13.  Divide  100  into  two  numbers  whose  difference  is  10. 

14.  One  number  is  double  another  ;  if  40  be  added  to  the  less 

and  1  be  taken  from  the  greater  number,  the  former  re- 
sult is  double  the  latter.     Find  the  numbers. 

15.  Find  the  number  which  exceeds  its  sixth  part  by  35. 

16.  The  sum  of  $93.05  was  laised  by  A  and  B  together,  B 

contributed  $8.79  more  than  A,  how  much  did  each  con- 
tribute ? 

17.  Add  30    to  a  certain   number,  and  the  sum  will  be    as 

much  above  31  as  the   original   number   is    below  31. 

What  is  the  number? 
J 8.  A  drover    bought  a  certain  number  of  calves  for  $4.50 

each,  and  8  less  cows  at  $30  each,  and  paid  altogethei', 

$174.     How  many  cows  did  he  buy  ? 
J  9.  How  much  chicory  at  10  cents  a  pound  must  be  mixed 

with  8  pounds  of  coffee  at  40  cents  a  pound,  to  make  a 

mixture  worth  22  cents  a  pound  ? 
20.   The  sum  of  $225  was  raised  by  A,  B  and  C  together  ;  B 

contributed  $19  more  than  A,  and  C  $58  more  than   B. 

How  much  did  each  contribute  ? 
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21.  A  father  is  52  years  old  and  his  son  is  4  years  old  ;  in 

how  many  years  will  the  father  be  exactly  7  times  as 
old  as  his  son  ? 

22.  If  42  be  added  to  a  certain  number,  the  result  is  4  times 

that  number  ;  find  the  number. 

23.  A  is  three  times  as  old  as  B,  and  7  years  ago  their  united 

ages  amounted  to  as  many  years  as  now  represent  the 
age  of  A  ;  find  their  ages. 
24  A  person  has  $630  ;  part  of  it  he  loans  at  the  rate  of  4 
per  cent.,  and  the  remainder  at  the  rate  of  5  per  cent., 
and  he  received  equal  sums  as  interest  fi'om  the  two 
parts  ;  how  much  did  he  loan  at  each  rate  ? 

25.  John  and  Charles   play  a  game  of  marbles  ;  John  has  22 

marbles,  and  Chai-les  13  before  they  begin,  and  at  the 
end  of  the  game  John  has  4  times  as  many  as  Charles 
How  many  did  John  win  ? 

26.  Find  a  number  such  that  its  fifth  part  may  exceed  its 

seventh  part  by  12. 

27.  A  father's  age  is  six  times  as  great  as  that  of  his  son,  but 

4  years  ago  it  was  1 1   times  as  great.     Find  the  age  of 
each. 

28.  How  much  tea  worth  30  cents  a  pound,  must  be  mixed 

with  1 2  pounds  at  50  cents  a  pound,  to  make  a  mixture 
worth  36  cents  a  pound  1 

29.  Divide  $300  among  three  persons,  A,  B  and  C,  so  that  B 

may  receive  twice  as  much  and  G  three  times  as  much  as  A. 

30.  Divide  $480  into  two  parts,  so  that  the  first  part  put  out 

at  interest  for  a  year  at  5  per  cent.,  may  exceed  the 
interest  on  the  other  part  at  6  per  cent.,  by  $20.70. 

31.  Find  a  number  such  that  if  20  be  added  to  it,  the  sum 

will  be  three  times  the  remainder  when  20  is  subtracted 
from  it. 

32.  A  can  earn  $2  and  B  $1.75  a  day.     How  long  will  it  take 

£  to  earn  as  much  as  A  can  earn  in  21  days  1 
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33.  At  an  election  wheve    743  votes  were  polled,   the    suc- 

cessful candidate  liad  a  naajority  of  01.  How  many 
ballots  were  cast  for  each  ? 

34.  A  had  4  times  as  many  apples  as  J^.      A   gave  ^12,  and 

he  had  twice  as  n^any  left  as  JJ  then  had.  How  many 
had  each  at  fii-st  ? 

35.  If  a  man  walks  49^   miles  in  ploughing  a  field  40  rods 

long  and  20  rods  wide,  find  the  average  width  of  each 
furrow,  no  allov^ance  being  made,  for  turning  at  each 
end. 
3o.  A  farmer,  at  a  sale,  disposed  of  a  certain  numl^er  of  horses 
at  SI 00  each;  5  times  as  many  cows  as  horses  at  !|30 
each,  and  as  many  sheep  as  horses  and  cows  together  at 
$5  each.  The  total  proceeds  of  the  sale  amounted  to 
$840.     How  many  of  each  did  he  sell  1 

37.  When,  after  8  o'clock,  will  the  two  hands  of  a  clock  first 

be  in  a  straight  line  with  each  other  ? 

38.  The  sum  of  two  numbers  is  89  and  their  difference  is  31. 

Find  the  numbers. 

39.  A    father   divides  $51.00   among  his  three  children,   so 

that  every  time  the  first  receives  one  dollar  the  second 
receives  two  dollars  ;  and  as  often  as  the  second  receives 
three  dollars  the  third  receives  four  dollars.  How  much 
does  each  child  receive  ? 

40.  Two  casks  contain  equal  quantities  of  water.        From  the 

first,  42  gallons  are  drawn ;  from  the  second,  6  gallons. 
The  quantity  remaining  in  one  vessel  is  now  three  times 
that  in  the  other.  Hew  much  did  each  cask  contain  at 
first  ? 

41.  A  has  twice  as  many  marbles  as  B.       A  loses  32  and  B 

wins  17,  and  then  B  has  twice  as  many  as  A.  How 
many  had  each  at  first  ? 

42.  ^  and  ^  have  128  apples  between  them.     A   gives  B  a. 

sufficient   number   to   double   his   quantity,    and   they 
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then  have  equal  quantities.  How  many  had  each  at 
first  ? 

43.  A  man  has  5  times  as  many  half  dollais  as  he  has  dollars, 

and  3  times  as  many  quarters  as  he  has  halves.  The 
whole  sum  is  $58.      How  many  of  each  has  he  ? 

44.  A's  earnings  for  the  past  year  are  $75  less  than  twice 

B's  ;  JB's  are  $50  more  than  one-half  C's,  and  C's  are 
$25  more  than  one  third  oiA's  and  ^'s  together.  What 
are  the  earnings  of  each  ? 

45.  Two  boys,  John  and  James,  have  74  marbles  between  them, 

and  John  has  46  more  than  James.  How  many  marbles 
have  each  ?    • 

46.  A  sixth  part  of  the  sum  of  two  numbers  is  17,  and  one- 

quarter  of  their  difference  is  1 1 .     Find  the  numbers. 

47.  Two  travellers,  A   and   £,  agree  to  share  their  expenses 

equally.  At  the  end  of  the  journey  they  find  their  total 
outlay  to  be  $48.50,  aud  that  B  must  pay  to  A  $6.25  to 
settle  according  to  agreement.  Find  the  actual  outlay 
of  each  before  settling. 

48.  In  a  family  of  three  persons  the  average  age  is  21  years. 

The  father's  age  is  five  times  one-quarter  the  combined 
ages  of  mother  and  child,  and  the  mother's  age  is  3  years 
more  than  four  times  the  child's  age.  Find  the  age  of 
each. 

49.  A  rectangular  field  contains  2^  acres.      If  it  is  25  rods  in 

length,  what  is  its  width  ? 

50.  A  cask  contains  a  certain  quantity  of   brandy.        If  half 

the  brandy  be  drawn  off  and  45  gallons  of  water  poured 
into  the  cask,  and  one-quarter  of  the  mixture  be  brandy, 
find  the  number  of  gallons  of  brandy  originally  in  the 
cask. 

51.  Find  when,  after  3  o'clock,   the  minute  hand  of  a  clock 

first  coincides  with  the  hour  hand. 
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52.  Find  the  distance  from  A  to  B,  if  4  miles  more  than  one. 

seventh  the  distance  is  16  miles  less  than  one-half  the 
distance. 

53.  A  workman  was  employed  for  30  days  on  condition  that 

for  every  day  he  worked  he  should  receive  §1.25,  and 
for  every  day  he  was  idle  he  should  forfeit  50  cents.  At 
the  end  of  the  time  he  received  $28.75.  Find  the 
numljer  of  days  he  worked. 

54.  A  boy  engaged  with  a  farmer  for  one  year  for  $128  and  a 

suit  of  clothes.  He  left  at  the  end  of  nine  months  and 
was  entitled  to  $92  and  the  suit.  Find  the  price  of  the 
suit. 

55.  A  bill  of  $67.50  was  paid  in  dollars,  fifty-cent  and  twenty- 

five  cent  pieces.  There  were  3  times  as  many  fifty-cent 
pieces  as  dollars,  and  10  more  twenty -five  than  fifty-cent 
pieces.     How  many  of  each  were  used  1 

56.  A  man  has  11  hours  at  his  disposal ;  how  far  may  he  ride 

in  a  coach  which  travels  8  miles  an  hour,  so  as  to  return 
in  time,  walking  back  at  the  rate  of  3  miles  an  hour  ? 

57.  The  rate  of  a  man  rowing  in  still  water  is  double  that  of 

a  stream.  If  it  takes  the  man  40  minutes  to  row  5 
miles  down  the  stream,  find  the  rate  of  the  stream. 

58.  A  starts  upon  a  walk  at  the  rate  of  4  miles  an  hour,  and 

after  30  minutes  £  starts  at  the  rate  of  4|  miles  an 
hour  ;  when  and  where  will  he  overtake  A  1 

59.  A  garrison  of  700  men  had  provisions  to  last  for  40  days, 

but  1 2  days  afterward  300  men  were  killed.  How  long 
will  the  provisions  last  the  remainder  of  the  garrison  1 

60.  A  boy  is  one-third  the  age  of  his  father,  and  has  a  brother 

one-sixth  of  his  own  age ;  the  ages  of  all  three  amount 
to  75  years.     Find  the  age  of  each. 
61    Two  boys  have  equal  sums  of  money  ;  but  if  one  had  15 
cents  more  and   the  other  9  cents  less,  the  one  would 


ELEMENTARY   ALGEBRA.  117 

have  three  times  as  much  as  the  other.  What  sum  had 
each  ? 

62.  A  man  sells  50  acres  more   than  one-half  his  farm,   and 

there  yet  remains  30  acies  less  than  one-third  of  it. 
How  many  acres  were  there  in  the  farm  ? 

63.  A  bag  contains  a  certain  number  of  sovereigns,   twice  as 

many  shillings,  and  three  times  as  many  pence ;  and  the 
whole  sum  is  £267.  Find  the  number  of  sovereigns, 
shillings  and  pence  in  it. 

64.  A  huckster  bought  a  cei'tain  number  of  apples  at  the  rate 

of  5  for  2  cents,  and  sold  one-half  of  them  at  the  rate  of 
3  for  1  cent,  and  the  otb.er  half  at  the  rate  of  2  for  1 
cent,  gaining  altogether  4  cents.  How  many  apples  did 
he  buy  ? 

65.  A  certain  number  of  men  and  one-half  as   many  vvomen 

were  employed  on  a  work.  Each  man  received  $1.25, 
and  each  woman  75  cents ;  their  total  wages  being 
$45.50.     How  many  of  each  were  employed  1 

66.  A  hai-e  is  80  of  her  own  leaps  before  a  greyhound  ;   she 

takes  3  leaps  for  every  2  he  takes,  but  he  covers  as  much 
ground  in  1  leap  as  she  does  in  2.  How  many  leaps  does 
the  hare  take  before  she  is  caught? 


miscellaneous  review  questions. 
Exercise  43. 

1.  Divide  8a^  +  y^  by  2x  +  y. 

2.  Simplify  2  [2  -  2{2  -  2  (2 -a)}  -  a]. 

3.  Factor  x-  +  8x-  560  and  x'  -  Sx  -  560. 

4.  Solve  20x  -  13  -  56a;  =  3  {x  -  7). 

5.  Find  a  number  which  is  as  much  greater  tlian  20  as  three 

times  the  number  is  greater  than  70. 
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6.  Divide  256x*  +  1  Qx"  +  I  by  1  -  4x-  +  IGx-^ 

7.  Expand  {a-'2h  +  c-  Mf. 

8.  Find  the  product  of  (a  -  26  +  c  -  3  ^)  and  (a  +  26  +  c  +  3c?). 

9.  Solve  4  {.K  -  2)  -  5  (x  -  3)  =  6  (2  -  x). 

10.  Divide  16  into  two  such  parts  that  if  four  times  one  part 
l)e  added  to  five  times  the  other  part,  the  result  may  be 
76. 


1 1 .  Divide  x"  +  tj'  by  x  -\-  y  and  af  -  'if'  by  x  -  y. 

1 2.  Divide  the  diflference  of  the  squai'es  of  x-  +  a;  +  1  and  x''  -  x 

+  1  by  their  sum. 

13.  Simplify  a  -  2  [«  -  2  {a  -  2  (2  -  a)\]. 

14.  Solve  3a;- 2  (2x'- 4)  =  a-. 

15.  Express  x^^  -  y*  as  the  product  uf  five  factors. 


1 6.  Divide  x*^  -  y''  by  x  -  y. 

17.  Solve  (2a;  -  3)  (3a;  -  2)  =  6  (a;  -  1)^ 

18.  Find  the  factors  of  64a;'''  -  z'^ 

19.  Find  a  number  such  that  double  the  number  is  as  much 

greater  than   40  as  three  times  the  number  is  less  than 
85. 

20.  Show  that  (a  +  b)  (b  +  c)  {c  +  a)  =  a^  (6  +  c)  +  b''  {c  +  a)+  c^ 

(rt  +  b)  +  '2abc. 


21 .  Divide  x^  -  /  by  x  +  y. 

22.  Find  factors  of  ar  -  17a;  -  60  and  x^'-\-x-  20. 

23.  State  in  words  the  meaning  of  {x  +  y)^  =  a;^  +  2/^  +  3x-y  (a;  +  y) 

and  prove  the  equality. 

24.  Solve  2a;- {3-4  (a;-2)+.T}  =60. 

25.  Show   that    {a~b)    {b  -  c)  (c  -  a)-=a' (c  -  b) +  h- {a  -  c)  +  c^ 

{b-a). 
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26.  Multiply  b-  +  bc  +  c-  by  h-  -bc  +  c\ 

27.  Find   the  factors  of  15.t'  +  3ixy  +  15y^  and  of  Ibx"^  -  16xy 

-  15;'/- 

28.  Prove  that  the  product  of   the  sum  of  the  squares  of  two 

numbers,  increased  by  their  product,  and  the  difference 
of  the  numbers,  is  equal  to  the  difference  of  the  cubes 
of  the  numbers. 

29.  Solve  {x  +  2)  (x  -9)  -  (x- Q)  (x -3)  =  20  -  Ux. 

30.  Prove     that    (a  +  b  +  c)    (a^  +  b^  +  c^ -he  ~  ca  -  ab)  =  a^ +  b^ 

+  c^  -  Sabc. 

3 1 .  Multiply  X*  -  x^  +  x^  -  x+\  by  x'  +  x°  +  a;-  +  x-  +  1 . 

32.  Prove    that    {x  +  y  +  z)    (x-  +  >/''  +  z^  -  yz  -  zx  -  xy)  =  x^  +  y^ 

+  z^  —  oxyz. 

33.  From  the  preceding  write  the  product  of  (.«  +  2</  +  3z)  and 

{x-  +  4y-  +  9z^  -  ^yz  -  3zx  -  2xy). 

34.  Find  two  numbers  whose  sum  is  156  and  whose  difference 

is  40. 

35.  Find  the  value  of  x^  +  y^  +  z^  -  3xyz  when  x  =  a+i,  y  = 

a  -  1  and  z=  -  '2a. 


36.  Find  the  product  of  /'-  -  Im  +  m-  and  /'-  +  (m  +  m  . 

37.  Write  the  quotient  of  x^  +  y^  +  z^  -  3xyz  by  x  +  y  +  z. 

38.  Write  the  quotient  of  x-  +  y^  +  8z^  -  Qxyz  by  x  +  y  +  2z. 

39.  The  difference  of  two  numbers  is  6,  and  half  their  sum  is 

1 2,  what  are  the  numbers  ? 

40.  Solve  {x  +  2f  =  (x+l }-  {x  +  4), 


41.  Show    that    {b-cf  +  {c-a;'  +  {a-bf  =  2    (a'  +  b'  +  c'-bc 

-  ca  -  ah). 

42.  Write  the  quotient  of  x^  -  y^  ■\- z^  ■\-  3xyz  hy  x-  y  +  z. 

43.  Simplify  2  [_d;  -  3yx  -  4  (x  -  a)  -  aj  -  aj-  a. 
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44.  Two  numbers  differ  by  1  ;   show  the  difference  of  their 

squares  is  equal  to  the  sum  of  the  numbers. 

45.  Solve  {x  +  7f+:5-  x)  {x  +  5)  =  36a;. 


46.  Write  the  square  of  Sx  —  y  —  z. 

Ail.  Find  two  factors  of  a^  -b'^  +  c^  -  2ac. 

48.  Show    that  (x  +  a)  (x  +  b)  {x  +  c)  =  3(^ +  (a  +  b +  c)   x'^  +  (bc 

+  ca  +  ab)  X  +  abc.     From  this  expand  the  product  (as  +  2) 
(a; +  3)  (a; +  4). 

49.  Divide  x^  -y^  —  21^  —  'dxyz  hj  x  -  y  -  ^z. 

50.  If  a  is  2,  find  the  value   of  x  which  will  make  (u;-a)^  = 

x  {x-\i). 

51.  Find  the  continued  product  of  (x+  1),  (x*  -  1),  (^x^  +  x+  1) 

and  {x^  —  x+  1 ). 

52.  Show  that  {a?  +  ¥)  (c^  +  d'')  =  {ac-Vhdf  +  {ad  -  bcf.     State 

in  Avords  the  meaning  of  this  identity. 

53.  Factor  x-  +  Sxy  +  2y^  +  x  +  y. 

54.  Divide  72  into  two  parts,  such  that  three  times  one  part  is 

equal  to  five  times  the  other  part. 

55.  Solve  2(x  +  lf  +  5(x-  2f  =  7a;^  -  24  (a;  +  3)  {x  -  9). 


56.  Show    that  (i  -  cf  +  (c  -  af  +  {a-bf  -'i   (b  -  c)    (c  -  a) 

{a-b)  =  0. 

57.  If   X  =2a-b  -  c,  y  =  26  -  c-a,    z=2c-a~b,    show    that 

x^  +  y^  +  i<^  =  3xyz. 

58.  Factor  I2a^  +  ab  -  20b\ 

59.  Simplify  x^  -  [{x  -  zf  -  {z' -  (x  +  zf}]. 

60.  Solve  (-30; +  2) -(7 --40;)=  14-6. 


61.  Show  that  {x  +  y  +  zf  =  {y  +  zf  +  {z  +  xf  +  (x  +  yy  -  x^  -  y^ 


ELEMENTARY   ALGEBRA.  121 

62.  Divide  oi?  -  3a;^  +  3a;  +  y^  -  1  by  a;  +  y  -  1 . 

63.  Find  the  value  of  (99a;  +  y)^+ {a.-  + 99i/f,  when  a- =  49  and 

y=  -49. 

64.  What  is  the  price  of  bread  per  loaf  if  an  increase  of  25 

per  cent,  in  the  price  would  reduce  the  number  of  loaves 
that  could  be  purchased  for  one  dollar  by  2  ? 

65.  Solve!  (2a; +  3)-!- (3a: +  4)  =  12. 


66.  Divide  (a;-  +  5x  -  1 4)  (x^  +  8x  -  9)  by  x-  +  6x  -  Y . 

67.  Solve  (a; -6)  (a;  + 4)  -  (a;- 8)  (a;  +  3)  =  0. 

68.  A  father  has  three  sons  :  the  father's  age  is  36,  and  the 

joint  ages  of  the  sons  is  30.     In  how  many  years  will 
the  joint  ages  of  the  sons  be  equal  to  that  of  the  father  ? 

69.  Expand  {m  +  2w  - j3  +  Iqf. 

70.  Find  the  value  of  A^ -\- B",  wnen  J  =  (2a  +  2b  -  c).  B- 

(2c  —  h-  a)  and  a -f  6  +  c  —  0. 
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CHAPTER  VTTT. 

Fractions. 
We   commonly  indicate   the  division  of  one  expression  by 
another  by  placing  the  first  expression  above  the  other  and 
separated  from  it  by  a  bar  or  stroke. 

Thus,  —  is  the  quotient  obtained  by  dividing  a  by  b. 
b 

Such  an  indicated  quotient  is  called  a  fraction. 

The  expression  placed  above  the  line  is  called  the  numera- 
tor, and  that  below  the  line  is  called  the  denominator. 

The  nun^ei'ator  and  denominator  are  called  the  terms  of 
the  fraction. 

Since  the  quotient  is  not  altered,  if  we  multiply  both  divisor 
and  dividend  by  the  same  quantity,  it  is  evident  that  the  value 
of  a  fraction  is  not  altered  by  multiplying  each  of  its  terms  by 
the  same  quantity. 

That  is,  f-    =    -. 

h  hx 

And  since  the  quotient  is  not  altered,   if  we  divide  both 

divisor  and  dividend  by  the  same  quantity,  it  is  evident  that 

the  value  of  a  fraction  is  not  altered  by  dividing  each  of  its 

terms  by  the  same  quantit):. 

•     Thus,  -4-=-?' 

ab         0 

1  a?  —  x^      a  —  X 

ana  —  = 

(a  +  xy     a  +  x 

A  fraction  is  said  to  be  in  its  lowest  terms  when  the 
numerator  and  denominator  have  no  common  factor.  We 
may  reduce  a  fraction  to  its  lowest  terms  by  dividing  numera- 
tor and  denominator  by  theii'  H.  C.  F. 
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Exercise  44. 
Reduce  to  their  lowest  teims  . 

^      4x  i.      ba                    „       6a" 

3^"  "To'              ■           "9^5"' 

20^2-  ••    30^2^2-              •    -^Qi^^^' 

„     ax  +  ay  ^     xy  +  y^               q      ^^  -  ^' 

bx  +  by  x^  +  xy                '    (a  +  bf 

10.        <^'-^^  11.        a^^  -  ^^          12.    -?lzl\ 

c^  +  2cc/  +  G^^  '    a;^  -  2x2/  +  2/^           (>•'*  -  ^)^ 

,.,     X--' +  Sx-?,' +  23/^  ,  ,      x'^  +  2xy  +  y''  ,g       ni- -  2mn  +  n^ 

[x  +  yf  ( -  +  2/)^                »>*^  -  Smri  +  27z''^ 

,ga^  +  5a  +  6  j„     p^-  IO7J5  -  24^^ 

d^+  a  -  6  jy"  +  4p<,'  +  4^^ 

18.    (5^'.  19.            ^  +  1 


1  a;^  +  3«2+3a,-+l 

20.    ^!±A±1.  21. 


&3-1 
a^  +  3a^  +  2a 
a^  +  3a-'  +  3a  +  1 


23. 


x^-f 
x^-y' 
^x'+lZxy  +  Qy'' 

Kx^  +  lxy  +  1f 
{a-^b  +  cf 

cC-  -¥-  2bc  -  c'^ 

-2cd 

24.       ^  _1 25 

a;6  4.  2aj3  +  1 

26     (^'^llzS.  27  

Exercise  45. 

Complete  the   following  identities  by  writing  the  requii-ed 
term  : 


1. 

a 
1  ~  b^' 

2. 

X 

3. 

a 

4. 

in        mp 
n 

5. 

X  _  xp 

y 

6. 

(I        a'- 
b  ~  " 
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7    4a:y  ^  „    5a^b _lOa"b^         q    abc     ia%c 

,Q    ac  _  ,,     ?/iic_u5:  -,  p       4a    _   3 

be        bx  nx  \2ab 

-.r,    a-x     o?  --  X'  x  +  2 


a  +  x  X  +  3     x^  +  Qx  +  G 

TK    x  +  fi     a;^-2.'r-35  ...    n  +  2b 

x-7  .i  +  ib     a^+  i:ab 

j^    a^-    9a- 10 


18.^^  +  ^^+^-^  = 19.  -I- = 

6^  +  66+    9     ^^-Tt  rt  +  6     rj^-  ^.2 

20.  ';^Z^  = 21.  6-c  = 

1         a;  -  2/  b  -\  c 

22.  6  -  c  =  ^-^i^'  "  "^       23.   1= 24.  a  = 

a-  +  y  a  +  ^ 


Exercise  46. 


Change  into  equivalent  fractions,  having  the  same  denomina- 
tor, the  common  denominator  being  the  L.  C.  M.  of  the 
denominators  : 


1 

a 

b 

X 

2x 

X 

X 

X 

6. 

be' 

—  , 
ea 

ab 

5. 

2 

3 

4 

a 

T' 

c 

7 

a 

b 

a  +  b 

a 

-b 

9. 

3 

2 

2. 

a        b 

X       x^ 

4. 

abc 

be      ca      ab 

6. 

a         b 

bx-*    a^x      a-h^ 

8. 

X                 1 

— r s  > 

X-  -  y2       x^  -  y 

10. 

X+Z              4 

x  +  S      a; +  4"  a"^  +  6a  +  8     a  +  4 
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,,       rta+l«-l  in  1  1 

13    _L  2a;  2.r' 

■  a;+l'    O^TT)^'    (x-+lf 
116- 


14. 


15.  ^±1,    ^li\     ■^^\.        16.    a,    A,    A,    _L. 
x  —  yx  +  ya?-\>'  h        d      h  —  d 

17.  1  '^    1  1 

{b  +  c.)  {c  +  «)'    (c  +  a)  (a  +  6)'    («  +  6)  (6  +  c) 

a  +  h  b  +  c  c  +  a 


18. 


(6  -  c)  (c  -  a)'    (c  -  a)  (a  -  b)     (a-  b)  {b  -  c) 


The  sum  of  the   quotients   obtained    by    dividing  several 

numbers  by  the  same  divisor  is  equal  to  the  quotient  obtained 

by  dividing  th.;   sum  of    the  several    numbers   by  the  same 

divisor. 

rpi.-                       a        b        c        a  +  b  +  c 
That  is,  \ 1 = . 


X  X  X  X 

Also  the  difference  of  the  quotients  obtained  by  dividing 
two  numbers  by  the  same  divisor  is  equal  to  the  quotient 
obtained  by  dividing  the  difference  of  the  numbers  by  the 
same  divisor. 


That  is, 


X        y        x-y 


d       d  d 

Hence  we  see  that  any  number  of  fractions  which  have  a 
common  denominator  may  be  combined  into  a  singrle  frac- 
tion. 

Thus,  ^-Z.  +  ^  =  ilZl±f, 

a        a        a  a 

and  ^ y ^      _x-y-z 

h  —  G        b  —  c        b  —  0  b  —  c 
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5  4  5 

Tc  '3iJ)hlne '- - 4- into  a  single  fraction 

2x  -  1      .'?:6  -i- 1      4x^  -  1 

1  he  L.  C  M.  of  the  denominators  is  ix- -  1. 
5  4       +       5 


2a;  -  1         2a;  f  1        4a;-  —  1 

=  5  (2.T+1)  _  1  (2a;- 1)  _^ 5  _ 

~-k;--l   "        4a;-  -  1  ^  a;"  •    1 

=   lC-'-  +  5-8.x-+4  +  r. 

4a-  -  1 
^  2/.  + 14 
to'-  -  1 


To  combine + + 


nb  be  ah 

las  L.  C.  M  of  the  denominators  is  ahc. 

o  -  i         b  -  e        c  -■  a 
ah  be  ca 

ac  —  be        ab  -  ae        be  —  ab 

+  —    ,  -  -  -l- 


abc  ((be  abc 

ac  -be  +  ah  -  ac  +  fee  -  ab 

abc 

0 

ahc 

Exercise  47. 
Combine  into  a  tingle  fraction  : 

T  X  X 

^■-^^■ 

3.  -^.^^. 

2x        hx 

r  ^  V 

5.     4-  —'i— . 

x  +  y     x-^y 

7.  A^  -  J . . 

x-\-y     x-y 


2. 

2a;       3.X' 
3^4° 

4. 

3a;        ix 

6. 

X            y 

x-y     x-y 

8. 

X     _     y 

x-vy     x-y 
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9.J--JL.  10.  J...... -L. 

£c-2:f  +  2  a-  4:     a  +  i 

11.   _!__+    ^ 12.  i^l^  +  '^^Z. 

x{.r  +  I/)     x(x  -y)  x~y     x  +  y 

l.i. + -■  . ,  Ji4,  . + 


a  +  2     «  -  2     a'^  -  4  x  +  «/     i«  —  y     ^  ~  y^ 

15.  _^_+-_l 

x"''  +  2,r  +  1       r-  +  4-r  4-  5 

16.  2  3 


17. 


0^-30^  +  2     a;2  -  1 
.r  +  4  ic  +  2 


'  +  5.*;  +-6      X-  +  4.T  +  3 

18.   1+^.i- J...  19.  x^'f^l-J^. 
a  +  b     a  +  b  ^  -  y       ^  +  y 

20.   ^^  +  ^.  n.  _L  +  _!L+.  26'' 


22. 


X  —  y     y  -  X  a  -  b     a-\-b     b~ 

1  1  1 


(rt  -  6)  (a  -  c)     (6  -  ct)  (6  -  c)     (c  -a)  [c  -  b) 


12  2  1 

a  -  1      a  -  2     «  +  2     «  +  J 

24.    J_-'^+^-_^  +  l. 
ic— 1      x-1      rc'-i 


To  multiply  —1  and 

b  d 

Since  the  product  of  quotient  and  divisor  io  the  dividend, 
.-.  X  b.=  a. 


Also   —  X  (f  =  c. 


__  X X  hrl  =  ac. 

b  d 

a  c  'ic 

'  ~b     ^   d    ^  ~bd 
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Hence  the  product  of  two  fractions  may  be  written  as  one 
fraction,  whose  numerator  is  the  product  of  the  numerators  of 
the  two  fractions,  and  whose  denominator  is  the  product  of 
the  denominators. 

Evidently  we  may  find  the  product  of  any  number  of  frac- 
tions, by  multiplying  toget'ler  the  numerators  for  a  new 
numerator,  and  the  denominators  for  a  new  denominator. 

To  multiply , and .— . 

be        iad  laxr 

rr,,  IX-     2aX36a:'^  X  lOc^c? 

I  he  product  is 


that  is, 


5c  X  ^ad  X  lax^ 
QOabc^dx^ 


liOahdx^ 
This  result,  when  reduced  i-o  lowest  terms,  is 

7  ax 
We   may  shorten  the  work   by   cancelling  like  factors  in 
numerator  and  denominator,  just  as  is  done  in  arithmetic. 
Thus: 


c^  -b"^        x  +  y 
s(? -y"^  ^  a-b 
{a-b)(a  +  b)  ^ 
(x-y)  (x  +  y) 
c 

. .       c 

""  (a  +  bf 
x  +  y  ^         c 
a-b        (a  +  by 

(x  -y)  (a  +  b) 

Exercise  48. 

Find  the  following  products  in  their  lowest  terms 
2x     ^     Sxy  ^     2a'    ^,     Wc 


5i/  4,r'-  Qbc  iad 

be  A    ^        y^ 

c  a  yz  zx  xy 


3.  ^    X    -    X    .1.  4.  ^    X    i    X     ^^ 
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5.    ^i^    X    -^     X    ^'"^.        6.  —     X     —     K    -  . 

5z?i}         Ayw         2>yz  b*  c"  a 

-     a  +  h      ^    o?  -  V^  g  {xhyY    .^.   x-y 

{a  -  by  a  -  b  af-  -  y*  x 

9.    "^  +  ^     X   .111.  10.  -^-   X   "^±1    X   "^±1. 

d^ -ah         ab  +  b'^  X\  I         x  +  2  x 

11.  ^^"'-^    X    ^i±^    X       '^    . 
a;^-4  a;-i  a;-+l 


12. 


(«  +  y)2  a;2-y2 


(a  -  y)^         a;"'^  +  2xy  +  if 


"  £c^  +  4x  +  4     ■    a;^  +  4a;  +  3' 


14.  . 
15. 


o«  +  aJ-2/^*  a  +  6 


6. X 


(a; +1)3         a;''^  +  a;+l 

a?  —  [b  —  cf         {a  —  cr  -  b 

TO    x^  +  bx  +  ^         a?-¥bx  +  i         a;  V  1 

18.    — ! X X    — ^-,. 

(a;+l)^  («-f5r  ■ic-r4 

■   {a -by         a^  +  h"         {a  +  by 
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To  divide  -  ^  by    — 

b       ^     d 


Q.          ad 

^ince  . 

he 

X 

c 

~d 

a 

~  T' 

a 

c 

ad 

"     I 

~d 

be  ' 

^    ,      ad 
But 

he 

a 
h 

d 

X 

c 

a 

"      b       ' 

c 

~d 

.    = 

a 

d 

c 

Hence  we  see  that  to  divide.  \,y  c  fraction  we  invert  the 
fraction  and  multiply  by  it. 


Thus 

ax 
by 

ab 
xy 

= 

ax 

X 

by 

xy 
ab 

= 

x' 

And 

x^  -  y"^ 

x' 

.  ■«  +  y 

X 

= 

X- 

x  +  y 

= 

x-y 

X 

iiXERCISE    49. 

Simplify  : 

,     ax    _    hx 

,j     x'^    ,    ax 

y-  '  h' 

.,   -iab  ^  2ac 

1     mvp  .  np- 

5     «'-^'"'- 

a  +  h 
a  -  b 

x^  +  h.ry  +  0?/- 
X-  +  7xy  +  10//- 

.     Cf2-V 

{a  -  bf 

■  (x-  +  Oy/ 
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^    x'-i^(x+2)-  g     x^  +  Gx  +  r)  ^x  +  o 

a;- ^9  ■  {x  +  3)-'  '    x-  +  7ic+12  '  x+  t' 

c  -  2c?         c^  -  4c?-  in    a''  -  I  .«'-  +  « -t  1 


9 

c  +  3d'  c^  +  bd+ea^  «  +  1      a--a+l 

11.    — ^  X ^-r —  . 

b-z        y^        by 

,  ,     fl-  -  4      a-  -  8a  +  15     «  -  2 

12. X  — ; —-r -. 

a-  -  25        «-  -  a  -  6       a  +  c,' 

13.  ^"  -y'  A^''+y'f  y  a^'+y: 

a;-  +  2/ •^  '     a;*  -  y* 


14 


15.  r_±^--^V^^-. 
Va;      2     a; +  2/       :o-i-2 

16.  1  ^('lZJ^  +  ^\. 

17.  (4-+  *.)^(l-+-x^ 
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CHAPTER  IX. 

EQUATIONS    AND    PROBLEMS    INVOLVING    FRACTIONS. 

When  an  equation  involves  fractions,  we  have  seen  that  we 
may  get  rid  of  the  fractions  by  multiplying  both  sides  of  the 
equation  by  the  L.C.M.  of  the  denominators  of  the  fractions. 

To  sulve  . — 

a;  -  2     x-1 

Multiplying  both  sides  b}'  (it  -  2)  (a;  -  1)  we  ge'c 
3{x-l)  =  4(z-2). 
That  is,     3x-  -  3  =  ix  -  3. 
3x--4a;  =  3-8 
and  x  =  5. 

rp  ,  X-^         X    ^i 

lo  solve 


a; -2     a;  .-2 

Multiplying  both  sides  by  (x  -  2)  {x  +  2)  we  get 
(a;-l)(a;+2)   =   (a; -2)  {x  +  4), 
or      a:-  +  a;  -  2  =  x"^  +  2a;  -  8 

-  a;  =    -  6, 
and  X  =  6. 


Exercise  LO. 

Solve  the  equations  : 

1. 1  +  1  =  11. 

a;        4:a;         8 

2.4+1  =  1, 

6a:      'Ax 

a;             a;            3a; 

=-:- 

4.      '      =    2. 

1+..-        3e 

„    20          39 
X        x  +  2 

=  0. 
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x-i         x-2  „       '2  3 


2                3  x-i  x-2 

2 
8.   1  +-^    =    1    ^^- 

x  -  i  X  -  z 

q    ^  -  ^    _    x+  I  1^    3a;-6_3a:  +  3 

a; -2  x-i  x-2 

11       •^--^      _     a;+l  .^    Qx-\8  _   6x-l5 

^    ~    4a; -8  "'  "SaT-  8  ~     3a: -7  " 

-i    Q          —'^    —    '-'                        -^X   —    O  -t      <          X  O  X   —    0                r\ 

3a; -8          3x-7  a;— 4  a;+l 

,^    3.E-5     2.r-7     1  ,^     18.r-6  2-4.r-12     , 

15.  . =  1.  lb. =  1. 

X  -  1       X  ^  3  2x-  I  3a;  —  2 

17.  -'IZ'    --    i'-_'^   _  1. 

2.r^l         3x-2  f> 


X  - 

VJ 

X  - 

i 

X 

-2 

4x 

-16 

2x 

-6 

19. 
20. 


x  -  0  X  -  G  {x  -  5)  {x  -  6) 

a;-7  a;-8_          x-1 

a;-8  "    ^T^d    "  or-  17.r  +  72' 

a:-4  .T-5  a;-7         x-S 


x-5  X-  G         x-8         x-9 

91     ^  +  1  I     ■'*'-8  _    a; +2          a;-7 

a;  -  1  a;  -  0             .^             x  —  5 

^.-,    3  +  x  _    2  +  .1-  _    1  +x  ^    J 

""■  3^^     2^c     r^ 

22    3:-  -  a:  +  1    _^    a,-  +  x  +  1    ^   ^^ 
a;  -  1  a;  +  1 

J4.    .  +  =   / . 

z+3  z- i 

26.   -i,+.   ^  37 


:  +  2     Z  +  3     2-  +  5;:;  +  0 

26.   H-'^-S    -h    ^'-1   +i  ^=^-^) 

o~        2  1  6 

2t.  + = . 

2y--^)    y-3     3/1 
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23    6.X+1       2x-4:      2.'.-l 


15         7.r-16          5 

29. 

a;+2     3.r-l       1  _6.r+lL 

2             5           8            S 

30. 

4       7        3,0 
3       3^     T       '      Yz 

31. 

!l   _y--5//_     2 
3        3y  -  7        3  ■ 

32. 

X  _^^  -X        3        .X  -  " 
2          6         a;-i         3    ' 

33. 

3         .-r  +  1         a;'" 
.r  —  1      .r  -  1      1  -  x~ 

34. 

x{x~\){x-^){x-%)    =    (iC- 

-1^ 

35. 

3                _               5 

(3.<;  -  2)  (2.x  -  5)     (5x-  -  9)  (2a;  -  3) 
3G    2>/''-3y+l_2y-3 
2/-  -  2 //  +  2       y  -  2  ■ 

37.  !!L±^  +  (a:+2)2  :--.  (:r;+l)l 

o  o      •'K       .x  -  4      1 3  -  2a;  _  8  —  a:       7 
■  ~4  ~  ~32~  ""^  ~~4'0  2~~~8" 

39.  -i/..-lWi-/ii  -JL\    =4l.. 
6   \  3  /       6   \  5        7  /  9 


Exercise  51. 


1.  Divide   108  into   two  parts,  so  that  25%  of  one  part  may 

equal  20  /^  of  the  other  part. 

2.  What  number  subtracted  from  the  denominator  of  |^  will 

make  the  fraction  equal  to  |^  ? 

3.  What  number  nmst  be  subtracted  from  the  denominator 

of  Y®2-  and  added  to  the  denominator  of  \  to  make  the 
resulting  fractions  equal  \ 
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4.  What  number  must  I  add  to  the  numerator  and  subtract 

from  tlic  denominator  of  y\-  to  make  the  fraction  equal 
to  I? 

5.  Eight  times  a  number,  consisting  of  two  digits,  is  equal  to 

three  times  the  numl^er  composed  of  the  digits  reversed. 
If  the  units  digit  is  5  greater  than  the  tens  digit  in  the 
former  number,  find  the  number. 

6.  Find  the  number  whose  one-half  and  one-fifth  exceeds  its 

one-third  and  two-sevenths  by  34. 

7.  What  number  subtracted  from    both  numerator  and  de- 

nominator of  ~  will  reduce  the  fraction  to  |-  ? 

8.  What  number  added  to  the  numerator  and  denominator' 

of  -J-  will  make  the  fraction  equal  to  2  ? 

9.  What  number  added  to  the  numerator  and  subtracted  from 

the   denominator  of  |-  will  make  a  fraction  equal  to  j^  1 

10.  What   number  added   to   the  numerator  and  subtracted 

from  the  denominator  of  ^  will  make  the  same  fraction 
as  when  twice  the  number  is  added  to  the  numerator 
and  also  subtracted  from  the  denominator  of  j  ? 

11.  A  company  took  a  risk  at  4%,  and  reinsured  |^  of  it  at  3%. 

The  premium  received  exceeded  the  premium  paid  by 
$27.     Find  the  amount  of  the  risk. 

12.  A  man  lends  8375  at  a  certain  rate  of  interest,  and  §412 

at  a  rate  2'^.i  higher.  If  the  interest  for  one  year  from 
both  investments  is  S47.59,  find  the  rate  at  which  each 
was  lent. 

13.  A  man  sold  a  horse  at  20%  profit.     If  the  horse  had  cost 

him  $40  more,  and  had  sold  for  the  same  amount  as  be- 
fore, he  would  have  lost  5°/ ^.     What  was  the  cost  ? 

14.  A  man  divided  a  farm  among  three  sons.     To  the  first  he 

gave  110  acres  ;  to  the  second  f  of  the  whole,  and  to 
the  third  1  ^  as  much  as  to  both  the  others.  How  many 
acres  did  the  farm  contain  ? 
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15.  A  man  has  a  certain  sum  of  money  invested  at  4°/ ,  and 
3  times  that  amount  at  G"/,  From  both  investments  he 
obtains  an  income  of  $382.14.  What  is  the  total  amount 
invested  1 

IG.  A  quantity  of  goods  was  sold  at  25°/^  gain  ;  but,  had 
they  cost  $40  less,  the  gain  at  the  same  selling  price 
would  have  been  35%.     What  did  the  goods  cost  ? 

17.  A  person  gave  5  cents  eatih  to  a  number  of  beggars,  and 

had  1 4  cents  left.  He  found  that  he  would  have  requir- 
ed 22  cents  more  to  enable  him  to  give  the  beggars  8 
cents  each.     How  many  beggars  were  there  1 

18.  Divide  78  intj  two  parts,   so  that  9%  of  one  part  may 

equal  17%  of  the  other. 

19.  In  building  a  house  the  owner  pays  twice  as  much  for  ma. 

terial  as  for  labor.  Had  he  paid  5%  more  for  material 
and  7%  more  for  labor,  the  house  would  have  cost 
$10,144.     What  was  the  cost  ? 

20.  A  merchant  bought   100   barrels   of  flour,  part  at  $7  per 

barrel,  and  the  remainder  at  $5  a  barrel.  By  selling 
the  former  at  15%  gain,  and  the  latter  at  14%  loss,  he 
just  cleai-ed  himself  on  the  transaction.  How  many 
barrels  of  each  did  he  buy  1 

21.  A  grocer  spent  equal  sums  in  tea,  coffee  and  sugar,  making 

12%  on  the  tea,  8%  on  the  coffee,  and  losing  15% 
on  the  sugar.  His  total  gain  being  $63.50,  find  the 
cost  of  each  commodity. 

22.  Divide  $500  into  two  parts,  such  that  the  simple  interest 

on  one  part  for  4  years,  at  G'/^  per  annum,  may  be  $12 
more  than  that  on  the  other  part  for  G  years,  at  5°/^ 
per  annum. 

23.  Find  a  number  consisting  of  two  digits,  whose  units  digit 

exceeds  its  tens  digit  by  5,  and  when  the  number  is  di 
vided  1)y  the  sura  of  the  digits  the  quotient  is  3. 
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24.  What  number  divided   into  367   will   give  a   quotient  21 

and  a  remainder  10  ? 

25.  A  can  do  a  piece  of  work  in  m  days,  and  B  in  n  days.     In 

what  time  can  they  do  it  working  together  1 

26.  A  and  B  working  together  can  do   a    piece  of  work  in  ^? 

days,  and  A  can  do  it  alone  in   q  days.       In  what  time 
can  £  do  the  work  himself  ? 

27.  A  can  do  a  piece  of  work  in  x  days,  and  B  in  y  days. 

How  long   will  it  take  B  to  finish   the   work  if  A  has 
worked  at  it  z  days  1 

28.  A  can  do  a  piece  of  work  in  10  days,  and  B  in  7n  days. 

If  both  working  together  could  do  it  in  6  days,  find  in. 

29.  A  can  earn  $m  a  day,  and  B  $n  a  day.       If  they  work  to- 

gether, how  much  can  they  earn  in  t  days  1 

30.  If  they  earn  together  $p,  how  many   days  do  they  work, 

and  how  should  the  money  be  divided  ? 


MISCELLANEOUS  REVIEW  QUESTIONS. 

Exercise  52. 

1 .  Multiply  a  +  b  +  chya  +  b-c. 

2.  Show  that  (a  +  bf +  2  (a  +  b)  c  +  c"  =  (a  +  b  +  cf. 

3.  Factor  I -^x  +  x" -if -z"  +  2yz. 

4.  A  man  receives  $5  a  day  for  his  work,  and  forfeits  .f  3  a 

day  for  each  working  day  he  is  idle  ;  at  the  end  of   20 
days  he  receives  $28.      How  many  days  has  he  worked  1 

5.  Divide  (x^  +  3a;)-  -  7  {x-  +  3a;)  -  1 8  by  x-  +  3a;  +  2. 


6.  Show  that  {x  +  lf  =  x  {x+\) +  \. 

Infer  an  easy  rule  for  squaring  such  a  number  as  20t\. 

7.  Find  the  continued  product  {a  +  b  +c)  (b  +  c  -  a)  (c  +  a  -  b) 

(a  +  b-c). 

8.  Divide  a^  -  b''  -  c'  +  d'  +  2bc  -  2ad  by  a-\-b  -c-d, 

9.  Solve  {x  -  4)2  -  (x  -  6)2=  4  (X  -  5). 
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10.  Ten  apples  and  six  pears  cost  22  cents,  and  one  apple  cost 
half  as  much  as  one  pear.      Find  the  cost  of  each. 


11.  Find   the   continued   product  of  (x  +  2),  (x-2),  (x'  +  2x 

+  4)  and  (x-- 2a; +  4). 

12.  There  are  two  numbers  whose  sum  is  10  ;  their  product 

is  24|.     Find  the  sum  of  the  cubes  of  the  numbers. 

13.  Find  factors  of  bOx"  -  151cc+  3. 

14.  A,   B    and    C  are  three    houses,  in  order,  along  a  road. 

The  distance  from  ^  to  C  is  one  mile,  and  the  number 
of  feet  in  the  distance  from  A  to  B  is  the  same  as  the 
number  of  yards  iii  the  distance  from  B  to  C.  Find 
the  distance  from  B  to  C. 

15.  Solve  2  {x  -  3)  {x  -  11)  -  {2x  -  1)  {x  -  7)=  100. 


16.  Find    the    value    of    (a  -  6)' +  (6 -c)^  + (c  -  a)' -  3    (6  -  c) 

(c  -  a)  (a  -  b)  ;  when  a  =  1,  6  =  J  and  c  -  3. 

17.  Find  the  continued  product  of  (a  +  b),  (a  +  c)  and  (a  +  d). 

From  the  result  infer  the  product  of  («  +  1),  (a  -  2)  and 
(a  +  S). 

18.  The  sum  of  two  numbers  is  20  ;  the  difference  of  their 

squares,  20.     What  is  the  difference  of  the  numbers  ? 

19.  Find  two  numbers  whose  difference  is  10,  and  whose  sum 

diminished  by  10  is  10. 

20.  Solve  x(x-3)  (x  -  7)  =  {x  -  1)  (a;  -  4)  (.r  -  5). 


21.  Find  factors  of  (,c^  +  ixf  -  9  (.r^  +  4.<:)  -  36. 

22.  Find  the    expression  which   multiplied   by  1  -  y  -  z  will 

give  1  —  2/^  -  Si/z  -  7?. 

23.  Simplify  a-[2Z^+  {3c-  3a  -  («  + i)}]  +  2a  -  (i  +  c). 

24.  Divide  (a  +  6  +  c)  {he  +  c«  4- aft)  -  abc  by  a-vh. 

25.  Solve  (a- -6)  (a;  +  2)  +  (5+.T)  (.«- 5)-(7 +x)  (2.x  -  3)  =  0. 
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26.  If  2s^.a  +  h  +  c,  show  that  16s  (s  -  a)  (s  -  h)  {s-c)  =  W  c- 

4  -Ic?  a-  +  2a"  b'^-a^-b*-  c\ 

27.  Put  a +  3  for  x  in  the  expression  a^  -  6.x^  +  1 2a:;  -  8,  and 

arrange  the  result  in  descending  powers  of  a. 

28.  Show    that  tne   sum  of   the  squares  of   two  consecutive 

numbers  is  greater  than  twice  tneir  product  by  1. 
20.   What  value  of  x  will   make   (x  +  a)  (x  + ^>)  greater  than 

(x  —  2a)  (^x  —  36)  by  32,  where  «  =  1  and  6  =  2? 
30.  Show  that  the  sum  of  the  cubes  of  any  three  consecutive 

whole  numbers   is  divisible  by   three  times  the  middle 

number. 


31.  Factor  SOx^ -73x7/ -  5if. 

32.  Show  that  2  (a^  +  b'  +  c^  -  Sahc)  =  {(a-hy.+  (h  -  cf  + 

(c  -  af\  (a  +  b  +  c). 

33.  Expand  (a  +  b  +  cY ;   from  the  result  infer  the  expansion 

of  (x  +  2'i/  -  zf. 

34.  Add  a  term  to  16a^6"^+  2«6c^,   which  will  make  the  expres- 

sion a  square,  and  state  of  what  expression  it  is  then  the 
square. 

35.  Solve  {x  -  5)2  +  (2.x  -  4)^  =  (3.x-  -  7)^  -  (2x-  -  3)^ 


36.  Find  the  L.  C.  M.  of  x' -  \ ,  x^  +  1  and  7?-x+\. 

n"     a-       T£     a-h     ,     a  +  b 
3/.   Simplify  -     ^    + 

(/  +  b  a  -  b 

38.  If  x=  2,  3/  =  3  and  z  =  5,  find  the  value  ot 

X  y  z 

39.  Show  that  tlie  product  or  two  co:ise(;utive  e\ign  integers 

is  1  less  than  a  square  integer. 

40.  Solve  -_    +    -'1^  =    2    +    -  — . 
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41.  Prove  that  .r(.f  +  l)  (:c  +  2)  (j:  + 3)  +  1  =  (,x-4- 3a;+ 1)'. 

42.  Infer  from  Ex.  41,  the  square  root  of  12  x  13  x  14  x  15  +  1. 

43.  Solve  !^   =    ?^-'. 

X     3  2a;  -  8 

4  t.   The  sum  of  two  numbers  Js  15.     The  fraction  formed  by 
dividing  the  less  by  the  greater  is  ecmal  to  |.     Find  the 
numbers. 
45.  Show  that 

,        ar  +  Jr-c'   _    (a  +  h  +  c)  (a-\-b  -  c) 
"2rr4      '    "  Ya') 


46.  Simj^Hfy 

(a  +  br  -Ic.  +  df         (a-h)--('--dy 
{a  +  cf  -  {b  +  df         (a~Lf-{b-dr 

47.  A  sum  of  money  is  to  be  divided  among  a  number  of  boys. 

If  8  cents  is  given  to  each  thore  will  bo  5  cents  over;  if 
9  cents  is  given  to  each  there  will  be  5  cents  shorb. 
Find  the  number  of  boys. 

48.  Solve '^3)12-^-+^'   -2=^0. 

{x-\)    C.x'  +  8} 

49.  Prove  that 

1  +11  + hi  (n  +  l)  +  ln  («+l)  («  +  2) 
=  l{n  +  \){n  +  -2){n  +  ?,). 

50.  Show  that  the  square  of  the   sum    of    two  numbers  is 

greater  than  the  sum  of  their  squares  by  just  as  much 
as  the  sum  of  their  squares  is  greater  than  the  square  of 
their  diffe'-ence. 
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Ex.  1.  (1)  +30.     (2)  -30.     (3)  -30.      (4)  +30.      (5)  +5. 

(6)_4.    (7)    -176.    (8)  A  debt  of  3  dollars;  an  asset  of  4 

dollars.     (9)  A  debt  of  5  dollars.      (10)   An  expansion  of 

1^  inches. 
Ex.  2.(1)  +10.      (2)  -9.      (3)  -3.       (4)  +21.       (5)  -1 

(6)  +2/2-     (7)  +42.     (8)  198-2813. 
Ex.  3.(1)  +2.      (2)   +8.      (3)    -8.      (4)    -2.      (5)    -46. 

(6)  -30.     (7)  +20.     (8)  -9.     (9)  +20.     (10)  -61. 
Ex.  4.  (1)  +  8.      (2)  -  8.      (3)  -8.      (4)  +8.      (5)  +28. 

(6)  -331.     (7)  +162.  (8)  +.  (9)  +.  (10)  -. 

Ex.  5.(1)  +3.    (2-3.    (3)-3.    (4)  +  3.     (5)  -  6.    (6)  +  70. 

(7)  +.     (8)  -.    (9)  -.    (10)  +. 

Ex.  6.(1)  -2.     (2)0.     (3)  -36.   (4)- 1.   (5) -28.    (6) +9. 

(7)  +1.     (8)  -25.     (9)  -9.     (10)  +31. 
Ex.  7.  (2)  -18;     +18;     -12;     +18;     +72.     (4)  -24; 

+  2;   -10;    -14;    -10;   +24.     (»)  +  l;    -23;    -46; 

-15;   +62;    -4;    +2400.    (6, +  10.    (7) -10.    (8) +  10. 

(9)  -4.     (lO)-lO.     (11)  -10.      (12)  +10.      (13)  +4. 

(14) +60.     (15)  +14.     (16j  +60.     (17)  -  10.     (18) +7. 

(19)  +36.     (20)  -10, 

Ex.8.  (1)  +5a.  (2)  +5abc.  (3)  +  8a;  -  8y.  (4)  -y-Ux. 
{5)  +f^x.     (6)  +^l-nbc.    (7)  +x  +  y  +  z.     (8)-i-3pq  +  3p 

+  2q.  (9)ap  +  bq-  27pq.  ( 1 0)  +  7.c  -  2xy.  (11)  +1  Baled. 
(12)  15x+12y  +  2.     (13)   --21a;- 232+10?/.     (li)  -  5mu 

+  enl  +  iOlm.     (15)  +Umn.     (16)  -  12a6c.     {\7)  iSxvz 

+  95a?/2.     ('8)22X-7i' 
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Ex.  9.  (1;  I2a  +  4:b.  (2)  5a.  (3)  7a+22!j  +  c.  (4)  8a  -  46 
+  23c.  (5)  49.'c  +  3Gy-242.  (6)x  +  y  +  z.  (7)13a;  +  8y 
+  32.  (8)  17a-196  +  26c.  (9)  2c  +  4d  (  0)  50.r2/  + 
S5yz-]9z:.;        '11)  o  -  ^c.t^ -{- buc        ''2     ■-lGpqr  + idabc 

-  83.  {Uy-fab  +  ibc  -  ^-cd.  ( 14)  -  -Ibab  -  -Uh:  +  1  -Gocd 
(15)  ^^-x  -  lu  +  l^yz.  (16)  25ahcd  -  a6fZe  -  25bcde. 
(i:)  i3pq  +  46qr-69pr.  (18)  -  29.ry  -  1129x(/2  +  1403 
a;y2;w.    (19)  -  2x  -  2y  -  2w  -f  4a  -  2b.     (20)  -  |^>  -  fc  -  ^a. 

Ex.  10  (1)  4a +  26  + 2c.  (2)  a -26.  (3)  26  + 2c.  (4)  8x  + 
2i/-5z-lGu\  (5)  -2rt-6  +  4c  +  Sd  (6)23x+13y- 
2\z-w.     {7)m-n^p.     (8)  3?n  -  3n  +  3p.     {9)2a6  +  bc 

-  ca.  (10)  -  1  Oxi/z  -  1 7yzw  +  1  Szwx.  (11)  2.ry  -  2yz  - 
4zx.     (12)  5^-7w.  +  8n.     (13)    -x-y  +  2z.     (14)    -26a; 

+  5ca;.     (15)  -  ax  +  5a  +  G. 
Ex.   11.  (1)  x  +  y-z.       (2)  x-y  +  z.       (3)  Ox  -  by.       (4)  o. 

(5)a;  +  y  +  ;3.     (6)  .t.      (7)  5.«  -  2?/.  (8;  38  -  3a.     [9)  z  -  x. 

{10)p  +  q  +  r.     (U}a.     (12)  5«  +  66  -  8c.     (13)26  +  2^. 

{U)-2x-2y.     (15)  a.     (16)  3x-.     (17)26-c.     (18)a;- 

y  +  7z  +  7tc.     (19)  3a -36  + 3c.     (20)  2  -  5x. 
Ex.   12.  (1)    2a-6  +  (-3c  +  4f^-e);     2a-b  -  (3  c  -  i  d  +  e). 

(2)  a-6  +  (-c-(i-e   +/;   a  -  6  -  (c +  <:;  +  e) +/     (3)  2x 

-  3?/  +  ,  42  -  3x-  -  3y)  +  35; ;  2x  -  3?/  -  (  -  4^;  +  30-  +  Sy)  +  3z. 
(4)   2x-2/  +  ( -3x--4y-^a-)  +  y  ;     2x  -  ?/ -  (3ic  + 4i/  + 4a;) 

+  2/.  (5)  o  +  6  +  (  -  c  -  a  +  6)  -  c  ;  a +  6  —  (c  +  a  -  6) -- c. 
(G)  2;x-  -  3y  +  (Is  -  5m'  +  Gm)  ;  2a;  -  3^/  -  (  -  4z  +  5?^  -  Gu  . 
(7)  3«  -  36  +  (  -  4c  -  4r/  -  e)  ;  3a  -  36  -  (4c  +  id+e).  (8) 
2b  ~  4r +  {  ^  2c -y  +  ^z);  2')  -  i  -  {2c +y  -  3z).  (9)-x  +  y 
+  (-  z  -  ?^'  +  6a);  -  x  +  y  -  (z  +  w  -  Qu).  (10)  -^x+^y  + 
(  -  j2;  +  |?f  -|iO  ;  -lx  +  ly-(lz- Iw  +  ^u).  (11)  a- 
{b  +  (^c-d)-r}.  >]2)  2x-  '3:/  +  (iz-riw)}.  (13)  .r- 
{y  +  {z  +  3)}-  (14)  a6-{-6c  +  (-ca  +  a6c)  }.  (15) 
-.T-{-2/  +  (2-r"^'.  (16)  -^a-{-lb  +  (hc-ld)}. 
(17)  «-  6+(c-c/)-a-r/}.  (18).  X- {?/  +  (  -2z  +  0)- 
2a'  4-  ,T  -  2 '/  -■?<•}. 
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Ex.  13.(1)  -12.  (2)  +15.  (3)  +10.  (4)  -Uah.  (5) 
+  \5xi/.  (6)  +10mn.  (7)  -1261  (8)  +loxhj.  (9) 
+  10m-«-.       (10)    -1265.       ^11)    +15a;^       (12)    +107/1^'^. 

(13)  +  20am-*.  {U)  -^'b'c'd'e.  (15)+10x"7/V.  (16) 
-Qmhiyq-.  (17)  -^^  (18)  +x\  {l9)-8a'b\  (20) 
-8aW.       (21)     -243.       (22)     +  16a«6*.       (23)    +a-6V. 

(24)    -36x-y;;l      (25)    +aWc'. 
Ex.  14.  (1)  ax  +  bx.     (2)  cm  +  dm.     (3)  2aa;  +  36a;.      (4)   3cw 
+  5o??n.      (5)  8ax'+126a;.      (6)   30cm  +  50rfm.      (7)    -  iax 
-66x      (8)   -'9cm~\bdm.      (9)   -6ac  +  86c.     (10)  -8c 
■r  16^.      (11)  a2+  a5.      (12)  cd  +  d\      (13)  2x-3+  2j(?. 

(14)  6.«3-'9a.-l  (15)  x-3  +  2x-  +  a;.  (16)  3x*  -  6a^  -  6x-2. 
(17)  a;*  +  x^y  +  icy .  (18)  -  x^y  -  ory"^  -  xy^.  (19)  a;y  + 
xy^  +  y^  (20)  -4a26c  -  6a62c  +  8a6cl  (21)  T^-xSf. 
(22)  a^y2  _  ^>      (23)    -   2x^2  -  l3?y''z  -  •l^yz'^  -  2xVV. 

(24)  a^  +  6^  +  c^  -  3a6c.     (25)  x^  +  x-y  +  y*- 

Ex.  15.  (1)  2x2  +  7xy  +  6/.  (2)  6a-  +  17«6  +  C62.  (3)  2a2  + 
7o6  +  66l  (4)  6x^+ 17x2/-(-5i/-.  (5)  2m"'^  +  7»m  +  Gw^ 
(6)  6;^2+ 17^09  +  591  (7)  2a2  +  3a^-26-.  (8)  6x^  -  13xy 
+  6yl  (9)  2Hi2  +  3mn  -  1n^.  (10)  9.--  -  15mn  +  6wl 
(11)  2a2+17a  +  30.  (12)  21x"  + 23x  -  20.  (13)  x^  ^ 
17x  +  60.  (14)  x^  +  16x  +  60.  (15)  x"  +  19x  +  60 
(16)  X- +  23x4-60.  (17)x-  +  32x  +  60.  (18)  x-  + 61x  +  60. 
(19)x2-17x  +  60.  (20)  x2-16x  +  60.  (21)  x-- 19x  +  60. 
(22)x2-23x  +  60.    (23)x-2-32x  +  60.    (24)  x^- 61a; +  60. 

(25)  x2-7x-60.  (26)  X-  +  7X-60.  (f?)  x2  + llx- 60. 
(28)  X-- llx-60.  (29)  X-  +  4X-60.  (30)  x- -  4x- 60. 
(31)x2+17x-60.  (32)x2- 17x-60.  (33)  x2  + 2-x  -  60. 
(34)  x^  -  28x  -  60.  (35)x2  +  59x-e0.  (36)  x^- 59x  -  60. 
(37)  9x2  +  75x  +  24.  (38)  9k2_  69x- 24.  (39)  9x-^  +  42x 
+  24.  (40)9a:-  +  30x-24.  (41)  9x2  +  33x  + 24.  (42)9x2- 
l.^x  -  24.  (43)  9x2  _  333.  ^  24.  (44)  9x2  _  33^  ^  2O. 
(45)  X-     y-.       (46)  a^-b\       (47)  w^-nl       (48)  'p^-qK 
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(49)  ix"  -  y".  (50)  4x^  -  9y^  (51)  a-lr  -  c\  (52)  fq"  - 
bhn\  (53)  a'  -  bK  (54)  a'  -  b'c\  (55)  4a^  -  96*. 
(56)  Pni^n-  —  p-gh". 

Ex.  16.  (1)  6x- +  3x}/ +  9xz.  (2)  4xi/+2>r  +  6yz.  (3)  60:^  + 
7x1/  +  9xz  +  2^/^  +  Qyz.  (4)  a'6  +  a-c  +  ab'-  +  ac-  +  b'c  +  be-  + 
3abc,  (5)  a--^  +  2/^  +  2!- +  2x3/ +  2y2;  + -2a;.  ^6)  a^  +  6-  +  c-  + 
2ab  +  26c  +  2ca.  (7)  4a;2  +  9y-  +  1  Go^  +  1 2xy  +  242/z  +  1  %zx. 
(8)  ar*  +  y^'  +  s^*  -  3a;7/;:.  (9)  x^  -y^  +  ^  +  Sxijz.  ( 10)  x^ - 
y"  -  ^  -  2>xyz.  (11)  6a*  +  13«^  +  18a-  +  10a  -  12. 
(12)  2a;*-lla:»+18a;--21a;  +  18.  (13)a;*-y*,  (14)  5nr' 
+  87/1*  -  5m3  -  8.     (15)  122^+172*+ 162^+ 10^2  +  42  +  1. 

Ex.  17.  (1)  2x*-xf-^x",f  +  Uxy'-iy\  (2)  x^  +  x''  +  x''  + 
x^-x'~:k?-x'-\.  (3)  8a^ +  276^ +  0^-1 8a6c.  (4)  x^  + 
ys  +  3xy  -  1.  (5)  a?  +  a*A  -  2a'6-  -  '2arb^  +  ab'  +  b\  (6)  2^7 
+  a;«  -  x^  -  8.r*  +  2a;^  -  Sx^  +  4.r  -  1 .  ( 7 )  a;«  -  3x^2  +  3xV' 
-  y*'.  ( 8  )  %-y  +  3:-2;  +  xy-  +  X2-  +  y-^  +  yz-  +  1xjjz.  ( 9 )  a-6  + 
a2c  +  a62  +  ac2  +  62c  +  6c^+2a6c.  (10)  ar'  + 9a;2+ 26a; -h  24. 
(11)  x»-9a;-  +  26a;-24.  (12)  ^ +  9x-y +  2^xj- +  Uy\ 
{U)x^-9x^y+2(Sxy---2Uf.  (14)  a;*  +  x-+ 1.  (15)x*  + 
x'y'  +  y'.  (16)  a;'-l.  (17)  a*  +  .x'V  +  y*.  (18)  12a- -8a. 
(19)  15a2+10a6.  (20)  lOa  +  92.  (21)0.  (22)  -  3a2 
+  2a.  (23)  a-464-9c.  (24)  (4a  -  36)  .r  +  (116  -  "c)  y. 
(25)    -126a; +  4 ay. 

Ex.   18.  (1)  (4m+5w   x\     (2)  (2a  +  56  +  c)a;.      (3)  (a +  6)  a; 

+  {c  +  d)x'^.        (4)     (2  +  5cja;  +  (3 +4m)a;-.       (5)     (m  +  u]3c? 

+  {imn  +  ]}qx.  (6)  (2 +  cZ)  a;+ (e  +  4)a'- +  c-rf)a?  (7) 
(a^6  +  a-6-)a;  +  (a-6  +  a6-)x--  +  a^a?.     (8)  (2  -  a\x  +  (  -  c  -  3)a;- 

+  (6-c)xl  (9)  (-a-6-c)  a;  +  (a- 6)  a"  +  (a -c)  a;^. 
(10)  (3-6)a;-2fla;-+^6-3a)a;l  (11)  {x  +  y  z.  (12) 
{x  +  y){a  +  b).  (13)  a-  +  (a  +  6)(c  +  fZ).  (\i)  vi- -  {m - 
n)  .m  +  n).     {lf>)  {a  +  bf.      (U)   (a  +  b)  (a  -  b ,  =  a~  ~  b\ 

Ex.  19.  (1)  6.  (2).  a.  (3)  1.  (1)36.  (5)  +4a.  (6)  -5. 
{7)aK     (8)xy\     (9)a;yV.     (10.);a^     (11)  -4x/.     (12) 
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10a;yV.     (13)26.     (l^)-xy.     (15)-2jt>V°      (U)  -  8ahc^ 
(17)  -he.     (18)  a-bcd     (19)-   72.     (20)  5z. 

Ex.  20.  (1)  a  +  b  +  c.  (2)  a  +  6  +  c.  (3)  2a  +  36  +  4c.  (4) 
a +  26  + 3c.  (5)  ra-56  +  46c.  (6)  2a  -  46  +  3c.  (7) 
2by  -ab  +  Wn^y".  (8)  4«y  -  6aa:y=  +  5«V.  (9)  ac  + 
2arf+3cd     (10)  4a26-a6-c-2c2(^"+l. 

Ex.  21.  (l)«  +  2.  (2)a;+2.  (3)a;  +  3.  (4)a+l.  (5)a;  +  2. 
(6)a:  +  6.  (7)  a  -  2.  (8)a:-7.  (9)a-4.  (10)a;+2. 
(11)  m  -  2.  (12)  c  -  6.  (13)  x  +  y.  (14)  x  +  y. 
(15)  a;+2y.  (16)a;  +  2?/.  (17)a-126.  (18)m-7n. 
(19)  3x+2.  (20)  a;  +  6.  (21)  cb^  +  3^,2^  +  3,^y  +  y 
(22)m^-3m2  +  4m  +  l.  (23)  a;^  -  x  -  2.  (24)  2^/*  -  4y-+ 1. 
(25)  ■j^-xy  +  y''.  (26)  a;y-3a:y  +  l.  (27)  2xy  -  xyz 
-  2,z\  (28)  2  +  a;  -  x-^  (29)  a*  -  a?bc  +  ^^6^  -  a6V  +  6*c^ 
(30)m2+2m-3.  (31)a;  +  y  +  l.  (32)a-6  +  l.  (33.) 
a  +  6  +  c.     (34)  a:  +  3y.     (35)Z+2m.      {2,^)x-y-z. 

Ex.  22.  (1)- 7.  (2)14.  (3)-5a  +  6c.  (4)1.  (S)^^-^;^- 
x+\.  (6)  a  +  26  +  c.  (7)  2a* -26^  (8)  x''-2x  +  4:. 
(9)  17.  (10)  0.  (n)-2-x-Zx-.  (12)  7y2+6a:7/-xl 
{U)\+x  +  x-  +  a?  +  x^.  (14) -6.  (15)8.  (16)  -  26c+ 2arf. 
(17)  a;*-5a;y  +  4y^  (18)  3a  -  24rt6.  (19)  a^  + 2a;V+ 3 
xy^  +  Ay\  (20)  15.  (21)  a:^  ^  2>x'y  +  Zxy""  +  f. 
(22)  3a--14a6  +  862.  (23)21.  (24)  -2^.  (25)  a  =  4, 
6  =  6,  c  =  6. 

Ex.  23.  (1)  a:2  +  2a:?/  +  y  {2)  y"^  +  2yz  +  z\  {Z)m?  +  2mn  +  n\ 
(4)  4a;2  +  4xy  +  yl  (5)  iy"^ +  \2yz  +  ^z.  (6)  9m2  +  24mn 
+  1  ^n\  (7 )  «••'  -  2xy  +  i/l  (8)  y  -  2yz  +  z\  (9 )  m^  -  27n 
n  +  n\  (10)  4a;2  -  4a;y  +  y\  (11)  4y-  -  12?/2  +  92^. 
(12)9m«-24mn+16nl  (13)  4^^+ 4;;(,' +  ^1  (14)a=6-  + 
2a6c  +  cl  (15)  a262  +  4a6c  +  4c2.  (16)  49a262  + 42a6  +  9. 
(17)  4yy  +  20xy  +  25.       (18)   9/nW  -  247nna  +  16a'. 

(19)0:2^3^^24.     (20)  a;^  +  —  +  i-.     (21)  4^:^  + 1^  +  .^ 
*      ^  3        9^-^  5       52 
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1 2a;       9  9ft' 

(22)  4.r--_+_.  (23)  4a'  +  Gab+  -.  (24)  9m- + 
^     '  5       25       ^  4         ^ 

^  +  _L.     (25)  1  CtV  +  ixuz  +  1.     ( 2G)  49.r-  -  :iA^  +  ^  . 
•5       25  ^  ^  "^        4  '  2         IG 

(27)  4x'  -  2.x2  +  —.  (28)  4  -  2a;'''  +  — .  (29  20'  +  2  x  20  x  3 
4  4 

+  3' =  529.  (30)  1024.  (31)  3721.  (32)  10609. 
(33)  10404.  (34)  11025.  (35/  lOlOOi.  (36)  9900J. 
(37)  1006009.  (.''8)  40020001  (39)  2xy.  (40)  -2xy. 
(41)  y\  (42)  if.  (43)  25.  (44)  9. 
Ex.  24:.  (!)  (x  +  yf.  {2){x-yf.  (3)(a  +  6)^  {i){c-df. 
{b){x  +  2yf.  (6)(.K-2y)l  (7^  (2a;+l  '.  (8)(a  +  26)^ 
(9)  («  +  ic)l     (10)  (3^^-29)'.     (ll)(4y-l)'.     (12)  (a;  + 

i)^.     (13)(2-  +  iy-     (14)    (^i'+l)l       (15)    (2«6-cA 

<^^)(^-it)-  (^^Kf^D-  w(^-^)-(i9) 

(5a-4)l  (20)  {(a  +  ft)  +  c}l  (21)  {(x  +  y) +  ^1 1  (22) 
{(^a  +  h)  +  {c  +  d)\\ 
Ex.  25.  (1)  (m  +  n/.  (2)  {p  +  qf.  (3)  (2x  +  y)l  (4) 
{m  +  Zf.  (5)  (p  +  4)l  (6)  (2x  +  3)l  (7)(w-/,  I  (8) 
{p-qf.  (9)(2x-yy.  ('0)(m-3l  (ll)(p-4)l 
(12)  (2a;- 3)'.     (13)(,x'-8/.     (14)  (2/+ 1)1     (15)  (2 -2)1 

(16)(.x  +  -'^y.  ll')(2/-|y-  (S)(2-+^y-  ('9) 
(a;y+2)'.  (20)  (2«^  +  2)l  (21)  (pq-~r-.  (22) 
(ixy-^y.     (23)    (|-  +  l)l      (24)    (-|  +  l)l       (2-5) 

(7n  +  nf  or  (m  -  ■/?)-.  (26)  (p  +  9')"  or  (p  -  qf.  (27) 
(1  +  af  or  ( 1  -  a)'  (28)  (1  -  a)\  (29)  (3  +  m)l  (30) 
(8a+l)'.       (31)    (2m.i  +  l)l       (32)    (3m  +  mn)l       (33) 

(«;+|-y.      (34)    (:r+i-)l      (35)(.x  +  c/.      (3G)(2:r  + 
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-^y.  (37)  (2.r  +  -ly.  {38)(2T+iy.  (3&)(l  +  x-y. 
(40)     {~  +  2a-y    or     (i  -  2a:)^.        (41)    (^  -  ^).       (42) 

Ex.   26.   (1)  x"  -y\      (2)  m''-n\      (3)  ¥  -  c\        (4)  J2-4.-. 

(5)  4m^-«\  (6)  4m2-9wl  (1)  x"  -  i%.  [S)x''-U. 
(9)  a;2-l.  (10)  \-x\  (11)  1  -  4.rl  (12)  9  -  4a;l 
(13;  4«,V  -  cl      (14)  a?¥  -  4c-.      (15)   167^7^^  -  25/. 

(16)  4^2^,2 _1  (17)fl^-/A  (18)  4a*-AV.  (19)  a2  + 
2ah  +  ¥-c\  (20)  a^  +  2aJ  +  i^  _  c^.  (21)  ia?  +  '\ab  +  h'' 
-4(2.  (22)  4a2+12aZ^  +  962-4cl  (23)  ^-  + 2^?i  +  7i2_  ^2_ 
(24)  4a2  +  12ac  +  9c2-6l  (25)  a2-6^  +  26c-cl  (26) 
4a2-/;2  +  6k-9c2.  (27)  x'  +  x'+l.  (28)  aV  +  a^x^+l. 
(29)  icHx-y  +  y^     {?>0)    \+x'  +  x\ 

Ex.  27.   (1)  (c  +  c^)  (c  -  (/).      (2)  {m  +  n){7n-n).      (3)  (^  +  r) 
(y_r).       (4)    {ax  +  y)  {ax  -  y).       (5)    (a;  +  yz)  (a:  -  y4 

(6)  {xy  +  zw)  {xy  -  zw).  (7)  (2?^  +  %)  (2m  —  n). 
{8){3p  +  2q)  Sp-2q).    {9)  {4x  + 3y){ix  -  3y).    (10)(2  +  a:) 

{2-x).      (11)  (3  +  2y)(3-2y).      (12)  (l+-|-)  (l  -  |_). 

(13)  (2«/j  +  xy)    (2ab  -  xy).       (14)    {x""  +  3)    (a?  -  3). 

(15)  (4  +  y')    (4  -  ;,/•  .       (16)     {7abc  +  3)  {7abc  -  3;. 

(17)  (ab'-c  +  cP)  (ab-c  -  d^;.  (18)  (1  +  iabc)  (1  -  iabc). 
(19)  (5  +  4pq^)  (5  -  4pq^).  (20)  (1  -1-  .^);>(7)  (1  -  bpq\ 
(21)  (9a  +  56)  (9rt  -  5i).  (22)  (a'  +  bb)  («•"  -  .56). 
(23)  {a'  +  b''){a  +  b){a-b  .  (24)  (a' +  b')  {a"" -\- b^  (a  +  J>) 
{a-b).       (25)    (4  +  «=)   (2+a)    (2  -  a).      (26)  (25a;2  +  y=; 

(5a;  +  2/)(5a;-y).    (27   ('1 +xyU- J- -  .ryV    (28)(6V+16) 

(6V+4)  (/^c  +  2)  (bc~2\  (29)  (.r-'  +  y)  (.-r^  +  y^)  (.r  +  y) 
(a;-?/).       (30)    {a*b*  +  c*)    (a-6-  +  c^)    (ai  +  c)   {ab  -  c). 
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(31)  (27  +  23)  (27-23)  =  50  x  4  =  2^-52.  (32)  2^-52-3. 
(33)  53- 3=- 43.  {34:){a  +  b  +  c){a-\-b-c).  (35j  (a  +  6  +  c 
(a  +  b-c).  m){2a  +  b  +  c)(-2a  +  b-c),  (37)  (a  -  26  +  2c) 
{a-2b-2c).  (38)  (a  +  fe  +  c)  (a-6-c).  (39)  (a  +  6  +  c) 
(a-b-c).  (40)  (a  +  b-c)  (a-b  +  c).  (41)  (3a; -2y 
+  52)  (3a;-2y-54  (42)  ixy.  (43)  (a  +  6  +  c  +  c/) 
(a  +  6  -  c  -  f?).  (41)  (a  -  b  +  c  +  d)  (a  -  b  -  c  -  d . 
(45)  (a  -  26  +  2c  -  c?)  {a-2b-2c  +  d  .  (46)  (3  +  2a;  -  y ) 
(3  -  2x  +  2/).  (47)  (a  +  b  -  c  +  d)  (a  ~  b  -  c  -  d  . 
(48)  (2«  +  36  +  c-5c;)  (2a  -  36  +  c  +  rfO.  (49)  (x'  +  xy 
+  2/^)  {x^  -  xy  +  y"^).  (50)  {x^  +  xy  +  y"^)  (x^-xy  +  y-  . 
(51)  {x'  +  x+l)  {x'-x+l). 
Ex.  28.  (1)  x2  +  5x-  +  6.  (2)  a:2  +  8.r+15.  (3)  a;-+18,t  +  77. 
(4)  a?  -  5a:  +  6.  (5)  x"  -  8.x  +  15.  (G)  x^  -  18.x  +  77. 
(7)  z"  -  x  -  6       (8)  x"  -  2x  -  15.      (9)  x""  -  ix  -  77. 

(10)  a;2  +  a;-6.  (11)  x^  +  2x-\^.  (12)  a;2+4x-77. 
(13)  m2+ 27^-63.  (14)  (^2^2c7-63.  (15)yH2y-63. 
(16)  m2w2  +  2mw  -  63.  (17)  rZV  -  2de  -  i  3.  (18)  3/V  + 
2y2  -  63.  (19)  4,x2  -  4x  -  15.  (20)  9y^  +  12y  -  77. 
(21)92^-422  +  48.     (22)  4mV  +  24mn-72.     (23)  9 a'b^c^ 

-6a6c-63.       (24)     I6xy +  32x''y-- 6b.       (25)    9ay  + 
72(1^+119.        (26)    a:'^  +  6x  +  9.       (27)    m2+22m  +  121. 
(28)  4x-  +  20x  +  25.     (29)  4mH28m  +  49. 
Ex.  29.  (1)  x-  +  3ax  +  2a^.      (2)  x"^ +  7bx-\-l2h'.      (3)  x^  -  2ax 

-  8a\  (4)  x'  +  bx-l 2b'.  (5)  ix'  +  8aa;  +  '3a\  (6)  9x^  + 
9bx  -  28b\      (7)   1  QmV  -  imnp  -  2f.      (8)  aWc"  +  3a6ca: 

-  lOxl       (9)  a?  -  3.nj  -  lOyl       (10)   ^3?  -  9xy  -  10y\ 

(11)  4x2-32ax2  +  63al     (12)  9a«- 10061     (13)  lOO/J^mV 

-  iOlmnx  —  45jc^.  ( 1 4)  x"^//^  +  xyz  +  xyw  +  zw.  (15)  (a  +  6)^ 
+  5  (rt  +  6)  +  6  =  a-  +  2a6  +  6-  +  5a  +  56  +  6.  (16)  m-  +  2nm 
+  w'^  -  m  —  n  -  30.  (17)  4m^  +  4mn  +  n^  —  10m.  -  5»i  —  150. 
(18)  a2+2a6  +  62  +  7a  +  76  +  12.  (19)  m' +  2mn  +  n"  +  3m 
+  3w-70.     (20)  ic2+2a;-63.     (21)  16wV- 24mw- 55. 
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(22)  a-  -  2ab  +  P  +  7a-  7b  -  30.  (23)  x'-  +  \xy  +  iy"  -  bxz 
-  lOyz  -  Uz\  (24)  4.x'2  -  1  ±ry  +  9?/-  -  G.rs  +  %yz  -  I0z\ 
(25)  4»i-7r  +  1  ^mnj)  +  9^/^  -  Zmn  -  9^>  -  28. 

Ex.  30.  (1)  (x'  +  3)(.r+l).  (2)  (,f  +  .5)(a;+l  .  (3)  a-  +  8) 
(.r  +  2).  (4)  (.,  +  4)  (.r  +  3).  (5)  {x  +  h)  {x  +  Z  .  (G) 
(.'^  +  4)(.r  +  2).  ^7)  (y  +  7)  f2/  +  3'.  (8)  (y  +  7  ,  (y4- 1). 
(9)  (y+10)  (2/  +  2).  (10)  (y+12;  (y  +  2).  (11)  (y-  ) 
(y-2)  (12)  (y-3)(.y-l).  (13)  (m  -  4  (m  -  4).  (14, 
(m-G)  (w-4).  (15)  (m-7)  (m  -  3).  (IG)  (m  -  S) 
(m-2).-  17)  (m-5)  (m-5\  (18)  (?«  -  9)  (;h  -  1). 
(19)  (a-12)  («-2  .  (20)  (a-G)(a-4'.  21)(«  +  i:) 
(a+2).  '(22)  /a  +  G)  («  +  4).  (23)  (»n;  +  4)  nnn  +  1. 
(24)  (prj-  -  3)  (jyq  -  1).  (25)  (a?n  -  G)  {am  -2'. 
(2G)  (am  +  11)  {am  +  1\  (27)  (.-■■ys  -  17)  {^xyz  -  3). 
(28)  (a6-19)(rt6- 1).  (29)  'a  +  Gj  (o-2).  (30)(i-G) 
{h  +  -2).  (31)  (m-9)  tm  +  l\  (32)  (/h  +  9)  (m  -  7). 
(33)  (.x-7)  (,T  +  3).  (34^  (.T  +  7)  (a- -3'.  (35)  (^4-9) 
,  ^y-3).  (3G)  (y-9)  (y  +  3>.  (37)  (a  +  8)  («-4>.  (38) 
(fi-9)(6  +  l).  (39)(3--2)  (.r-3).  (4' )  (x-  + 7)  .r  -  2^ 
(41)-(6-2)(6-5).  (42)(2/  +  ll)fy-2).  (43)  («.r-F  10) 
(a.x--7).  (44)  (rt,r-U)  (ax  +  o).  (45)  (a  +  2&)  (a  +  Z*). 
(46)  (a;  +  3y)  (^  +  23/).  (47;  (c-lG(Z)  (c  +  (^).  (48) 
{n  +  2p)  (n  +  2p).  ( 49)  {x  -  20y)  x  +  3y  .  (50)  {x  +  20y) 
{x-3y).  (51)  (2a:  +  5)  (2ic  +  l).  (52)  (3a;  + 5)  (3x  + 7). 
(53)  {a  +  b  +  6)  (a  +  b  +  2).  (54)  (j» +71  + 12)  (m  +  ?i  -  1). 
(5."))  {a  +  b-  7c)  {a  +  b  +  2c\     (56)  (a  +  b-'Zc)  {a  +  h-2c  . 

Ex.  31.  (1)  x-  +  y^  +  z-  +  2xy  +  2yz-\-2zx.  (2)  x''+4.r  +  z-  + 
ixy  +  4yz+2zx.  (3)  x- +  4y^  +  9z- +  4:0cy  +  I2yz  +  Qzx.  (4; 
ar  +  y^  +  z^-  2xy  —  2yz  +  2z.r.  (5)x^  +  iy-  +  z^  +  Axy  -  Ayz  - 
2zx.  {%)a?  +  4f-  +  'dz'-ixy+\2yz~(jzx.  {7)a-  +  ¥  +  c^  + 
(P  +  2ah  +  2ac  +  2ad  +  2bc  +  26cZ  +  2cd.  (8)  a^  +  J^  +  4 c^  + 
9or-  -  2ab  -^  4ac  -  %ad  -  Abe  +  6W  -  1  2cd.  (9)  4a.'  +  9^^  + 
162^  +  25?<;-  -  1 2.r2/  +  16x2  -  20xiv  -  24yz  +  30 jw  -  AOzw, 
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(10)  x'  +  2.t?  +  3*2  +  2.x-  +  1 .  (11)  x'  +  -Ix^y  +  ZxY  +  2.^  + 
y\  ( 1 2)  a^^  +  irij  +  (Sx-if  +  ixy""  + ;/.  ( 1 3)  a;"  +  '2x^  +  Sa;^  + 
4,r'  +  3.i;2  ^  2,«  +  1 .  ( U )  a.-"  -  2.T^  +  3a;*  -  4x-'  +  3a;2  -  2a-  +  1 . 
(15)  a«  +  6«5i  +  1  'oa'b-  +  •lOa?^  +  1  ha-h'  +  6a^/  +  U\  ( 1 G ) 
.«  +  i-cN  (I7)(,r-2/  +  4  (18)(,v  +  2y  +  34  [U)  {±k 
-y-iz).  (20)  (a -6-1). 
Ex.  32.  ( 1 )  a/  +  3a;  -y  +  3.r?/2  +  y\  (2)  a-^  -  2>x-y  +  3.ry"  -  yl 
(3)  8.X-2  +  12.t-^  +  6a-2/2  +  ^/^  (-1)  ,x"  ~  G.x--y  +  1 2a-y2  _  Syl 
(5)  27.X-"  +  o\x^y  +  3G.X-2/-  +  8?/".  ( 6)  27«"  -  li'^arb  +  3G«i-  - 
W.  (7)  x^'^-  12x-+  48a;  +  G4.  (8)  8.r"+  ]  2,r-  +  G.x-  +  1. 
(9j  1  -  Gx-  +  1 2.);-  -  8.X-2.     (10)  8.r^  +  3G.i;-  +  54.r  +  27.     (11) 

8  -  3Ga;  +  54;c-  -  27.X-1      (12)  8  -  6m  +  ^m"  -  — •      (^  •'^) 

2  8 

«^  +  6^  +  c^  +  3a-/>  +  3«-c  +  3a6-  +  3ac-  +  3Z*-c  +  3ic-  +  6a?>c. 
( 1 4)  See  1 3.  (15;  cv"  +  ¥  -  c"  +  Pja-b  -  3«V  +  '^alr  +  3ac-  - 
3i-c-  +  Sic---  GtJx-.  (IG)  a;-'+  8/'+  27r+  Gar-y  +  9.«--s  + 
1 2x-/  +  27.X-2;-  +  3Gi/-2;  +  54yz-  +  36.3775;.  (17)  8.r  //  +  s°'  - 
12x-y  +  12x--2  +  6.Ty2  +  6.Z-2- +  3y-z  -  Syz- -  12xyz.  (18) 
1  -  3a;  +  Qx-  -  7x^  +  6.x-*  -  3.x''  +  a;*'. 
Ex.  33.  (1)  a?  +  y\  (2)  a;^-/.  (3)  c'^  +  c^l  (4)  a^-cl 
(5)  8.x-='  +  a^  (6)  8a-''-cl  (7)  Sa^  +  P.  (8)  8a;3-272/^ 
(9)  8fr''+27R  (10)  x' -  ■^\.  (11)  a.-  +  i.  (12)  a' -  b'. 
(13)  «V  +  i«.  (14)  x'  +  y"'/.  (15)  G4.x-'+l.  (16)  S  +  a,-^^. 
(17)  8m' +  27^3.  (18)  «'''-!.  (19)  l+a«.  (20)8a.-3  +  i. 
(21)  x^-xy  +  y-.  (22)  x' +  xy  +  y-.  {23)  cr  -  2ab  +  ib-. 
(24)  4a;2  +  Gxy  +  ^y:  { 25)  1  +  2a-  +  4a''.  ( 26)  4/ -y  +  \. 
(27)  2^711- +\bmn  +  %n\  (28)  m  - «.  (29)a  +  6.  (30) 
2./-  -  Uj.     (31)  3m  +  1.     (32)   1  -  4m. 

Ex.  34.  (1)  (p  +  q)(]r-2^q  +  g')-     (2)  (p-gi  (p^+pg  +  q-)- 

(3 ;  (2;^  +  q  (4p2  _  2pq  +  g'i),  (4)  (p-2q>  (])-  +  2j}q  +  4q-). 
(5)  {2p  +  3q)  {4p'  -  6pq  +  9q-;.  (6 ;  (3/n  -  1 )  (9m''  +  3m  +  1 ). 
(7)  (2-5;s,(4  +  10.:+2532).     (8)  (lO.r^ -^z)  (100a;2+ 10,x-V 

+  i/^)'    {^)  i^y  +  ^)  (*V  -  ^y^  +  ^")-    (10)  (^*  +  ^^)  (""  ~  "^^ 
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+  6V;.  (11)  {a  +  b  +  c)  (a-  +  2ab  +  P  -  ac  -bc  +  c"). 
(12)  {a  +  b  +  c)'a;'-ab-ac  +  P  +  2bc  +  o'').  (13)  (a  +  b-c) 
{a-  +  2ab  +  b-  +  ac  +  bc  +  c-).  {\i){a-b  -c)  (a"  +  ab  +  ac  + 
b-  +  2bc  +  C-).     (15)  (a  +  b  -c)  (a^  -  ai  +  ac  +  Ir  -  2k-  +  c'^ . 

(16)  (a-6  +  c)(«-  +  rt^  -ac  +  b-  -  2bc  +  c-.)  (17)  [a  +  ?>  -c) 
(a^  +  2ab  +  i'-  +  ac  +  bc  +  c- ;.  (18)  (a  -  i  -  c)  (a"  +  «6  +  oc  + 
b-  +  2if  +  c-}.  (19)  (3  -  a  -  6)  (9  +  3a  +  36  +  a-  +  2a6  +  V% 
(24)  (a;  -  1 )  (,r  +  1 )  (;i;=  -  .r  +  1 )  (.-^^  +  ^  +  1 ,_  ^25)  (2-7/) 
(2+2/)(4-2y  +  2/-^y(4  +  2y  +  y-'). 

Ex.  35.  (l)(3a,-+l)(2a;+l).  (2)  (3a;  + 2)(2a;  + 1).  (3)(3.v'-2) 
{2x  +  1).  (4 )  (3;f  +  2)  {2x  -  1).  (5)  (5.1,'  +  2ij)  {x  +  2>/). 
{Q){5b-2c){b-2c)  {7)(5c  +  2d)(c-2d).  (8,(5x-\-2^) 
{x+2ij).  (9)  (4a -5)  (3a +  4).  (10)  (3rt  -  4;  (4a  +  5', 
(11)  (3«- 4)  (4a -5).  (12)  (12a  +  5)(a  +  4).  (13)  (12a 
+  5)  (a -4).  (14)  (12a-5i)  {a  -  4b).  (15)  (2x  +  3>j) 
(ix  +  5ij).  (16;  (2.«  -  33/)  (4.f  -  5y).  (17)  (2a-3/>) 
(4a  +  56).  (18)  (2a  +  lb)  (4a  -  5b).  (19)  {I  Ox  +  1) 
(x+l).     (20;  (8..  +  3y)(6.r  +  93/). 

.Ex.36.  (1)  ab.  (2)  a6c.  (3)  m-.  (4)  a&Vd  (5)  3a6''c. 
(G)  12.^'-2/.  (7)  5yV.  (8)  76V.  (9)  26.  (10)  a;^ 
(11)  x  +  3.  (12)  .r  +  2.  (13)  2(,T-7).  (14)  a  +  26. 
(15)aj-22/.  (16)a;+2y.  (17)a-6.  (18)a  +  6  +  e. 
(19)  x  +  l.     (20).  x  +  7/. 

Ex.  37.  (1)  a'62c.  (2)  12m'n\  (3)  2ixfz'w'.  (4)  30a'^6V. 
(5)  (a -6)  (a +  6)1  (6)  (a  +  6)  (a='+ 6V  (7)  (2a- -  1)  (2.^ 
+  1)'^.  {8)  {x-2)(x'  +  8).  (9)6(6^-1).  (10)  (.x-^  +  y") 
{x  +  y)\  (U)  (x  +  2){x  +  3){x  +  i).  (12)  (.T  +  4)(a--4) 
(x  +  rj).  (13)  (a;+l)(x--l)(a;-4).  (14)  (a,-+ 1)  (2a,-- 3)1 
(15)  (a  +  46)  (a  +  36)-.        (16)  {2x  -  1 )  (2,r  +  3)  (.3.r  -  4). 

(17)  (46-  1)  (6  +  3)-'.       (18)  (a  +  6-^)  (a +  6 +  (•;;.       (19) 
(a  +  6  +  c)  (a  +  6  -  c)  (a  -  6  -  c).     (20)  {x  +  2)^  (a  +  3f. 

Ex.  38.  (1)4.  (2)  -4.  (3) -3.  (4) -3.  (5)4.  (G)  -a. 
(7)  G.      (8)  8.      (9)  -5.      (10)  3.      (11)  -7.      (12)  5. 
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(13)    -Ul.      (14)  5.      (15)  10.      (IG)  ^V      (17)    -5. 

(18)  12.  (19)  5.  (20)  If.  (21)  ||.  (22)  5^\.  (23) 
-8.     (24)  -If     (25)61      (26)131      (27)2/^.     (28) 

\l     (29)0.     (30)-26.     ,31)  -91      (32)  9jV     (33)^. 
(34)21      (35)-25.     (36)  4f.     (37)21      (38)i|.     (39) 
Hh     (40)  lif. 
Ex.  39.  (1)  12.     (2)  131      (3)  171      (4)  18.     (5)  20.     (6) 

15.  (7j  56-1.  (.^)  70.  (9,-12.  (10)- 66.  (II) -20. 
(12)11  (13)  -7.  (14)  -^|.  (15)|f.  (16)6.  (17) 
9.  (18)  10.  (19)  8.  (20)  5.  (21)  6||.  (22)  U. 
(23)  5.  (24)  5f.  (25)  56.  (26)  2f.  (27)  6.  (28)  li. 
(29)  -f     (30)  31 

Ex.  41.  (1)  2:^-.  (2)5a;.  (3)a;  +  2.  (4)a;-4.  (5)2a;+20. 
(6)  (.T+10/.  (7)  x(x  +  7).  (8)  re- 60.  (9)  cc-50. 
(10)  100 -a-.  (11)  40 -a;.  (12)2;«-40.  (13)2a;-10 
=  30.  (14)  (2.x  +  3)2=4a;l  (15)  3a;  +  20  =  50.  (16) 
x+l.     (17)  a; +1,  a; +2,  a- +  3.     (18)  (a;  + 1)  (a;  + 2)  =  56. 

(19)  {x  +  6f-20  =  {x  +  5y.  (20)  (x+l)  {x  +  2)-(x-l) 
(a--2;  =  42. 

Ex.  42.  (1)  45 -a:.  (2)  44.  (3)  $15.  (4)  2^'.  (5)  28. 
(6)38,16.  (7)16,38.  (8)16.  (9j  10.  (lOj  26.  (11)18. 
(12)  20.  (13)  45.  (14)  14.  (15)  42.  (16)  ^$42.13. 
(17)16.  (18)4.  (19)12.  (20)  ^$43.  (21)4.  (22) 
14.  (23)  A  42.  (24)  $350.  (25)  6.  (26)  210.  (27y 
Son  8.  (28)  2ii.  (29)  ^  $50.  (30)  $^C0.  (31)40. 
(32)24.  (33)341.  (34)^72.  (35)  10  in.  (36)  3  horses. 
(37)  10 jO- minutes.  (38)  29.  (39)  $9.  (40)  60.  (41) 
A  54,  (42)  A  96.  (43)  8  dollars.  (44)  A  $125.  (45, 
James  14.     (46)  29.     (47)  £  $18.     (48)  Child  5.     (49) 

16.  (CO)  30.  (51)  16j*j-.  (52)  56.  (53)  25.  (54) 
$16.  (55)  $20.  (56)24.  (57)  2^.  (58)  2|  hrs.  (59) 
49.  (60)  Father  54.  (61)21.  (62)120.  (63)  240  sov. 
(64)  240.     (65)  28  men.     (66)  320. 
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Ex.  43.   (1)  4a;2  -  Ixy  +  f.       (2)   12  -  10«.       (3)  (x  -  20). 

(a:  +  28),  (x-  + 20)  (:r  -  ?8).  (4)  ^V  (5)  25.  (6)  160:^  + 
4ic  +  1 .  (7)  a-  +  46-  +  c-  +  9f^-  -  \ah  -  \hc  +  2rtc  -  ^ad  + 
1 26c/  -  6cf/.  (8)  a-  -  4^2  +  c^  -  Ot/^  +  2«c  -  1  ■2hd,  (9)  1. 
(10)12,4.  ( 1 1 )  a;*  -  a;^'?/  +  .7:23/2  _  »;/  +  .^f^  x^  +  .r^y/  +  x\f  + 
,xy  +  2/^  (12)2.1-.  (13)  11«-16.  (14)4.  (15,  (.r-y) 
(.r  +  y)  (a?  +  y-)  (x-*  +  y'')  {pi?  +  2/*).  1 16)  ar'  +  ai^y  +  ar'y^  +  x^ 
yi  +  xif  +  y\  (17)0.  (18)  (8a;  +  «)(8x-4  (19)25. 
(21)  ar'  -  a;*y  +  a;^'  -  -xV  +  a-y*  -  yl  (22)  (,c  -  20)  {x  +  3), 
(a;  +  5)  {X  -  4).  (24)  Uf  (26)  6*  +  h'c''  +  c\ 
(27)  (3j:  +  5y)  (5x  +  3y),  (3a:  -  5y)  (5x  +  3y\  (29)  311 
(31)  3if  +  x''  +  x*  +  x'+l.  (33)  X'  +  8f  +  272;'  -  18a;y2. 
(34)58,98:.  (35)0.  (3Q)  l'  +  Pm''  + m\  {37)x-+y^  + 
z'  -  xy  -  yz  -  zx.  (38)  x'  +  y"  +  ^z-  -  xy  -  2yz  -  2zx. 
(39)  9,  15.  (40)  -  11.  (42)  x- +  y-  +  z' +  xy  +  yz  -  zx. 
(43)  20,/;  -  21a.  (45)  3j\.  (46)  9a;2  +  y'  +  z'  -  %xy  -  Gxz 
+  2yz.  (47)  (a-b-c)  (a  +  b-c).  (48)  a;^  +  9x2  +  26a; 
+  24.  (49)  a?  +  tf  +  9z'  +  xy  +  3xz  -  3yz  (50)  -  f . 
(51)  x'  -  1.  (53)  (X  +  y)  (r,  +  2y  +1).  (54)  45,  27. 
(55)  -8|i.  (58)  (3a +  46)  (4a -56).  (59)  -[aP  +  z^. 
(60)28.  (62)a;2-,ry  +  y2_2a:  +  y+l.  (63)0.  (64)10. 
(65)  -120|.  (66)  a;2  +  7a;- 18.  (67)0.  (68)3  (69) 
m?  +  4^2  4-^'-  +  4^2  _^  i^jYin  _  'irnp  +  47)1^  -  inp  +  8nq  —  4/?g'. 
(70)  0. 

Sx.44.  (l)_i.     (2)  :^.     (3)J-.     (4)^^        (5)^.     (6) 
Sx  2  3a  4rt6  5y 

^.     (7)iL.     (8)^.    (9)^.    (10) '-Zi^.    (11)  "i±^. 
6p'^  b  X  a  +  b  c  +  d  ^  -  y 

(12)  J^.       (13)*±-2y.       (14)  JL.        (15)  '""''. 
(a-b/  ^  +  y  ^  +  y  m  -2n 

(16) ^±i.  (i7)^_:ill^.  a8)S''-zll.  (19) -^Izj^ll. 

^      'a-2     ^         p  +  2q      ^      'x^  +  x+\     ^        a;2  +  2a.-+l 

(20)1  (.2,)^         (22)J!!±1^.       (2.3)2--^3y 

6-1  x-+y-  a^  +  2a+  I  2x  +  y 
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.r"  +  1  a  -  b  —  c  X--  y  —  z  a  +  h  -  c  -  d 

Ex.  45.  (1)  ac.  (2)  .rz.  (3)  ah.  (4)  7ip.  (5)  yj>.  (6)  ab. 
{7}8xyz.  (8)  12«icl  (9)  4rt.«^  (10)  ax.  (11)  rm.  (12) 
lift.  (1.3.)  («  +  .r/-.  {li)x-  +  5x+Q>.  {l5)ix-7)-.  1(». 
«■'  +  2^^';.  (17)rt--a-2.  ( '8)  ^^^  +  2ft  -  '  5.  (19)a-6 
(20)  (,*;  -  yf.  (21 )  ft-  -  cl  (22;  ft  +  5c.  (23)  x  +  y.  (24) 
rr  +  ah. 

2a      ft         .„     ax  ,o.  ax  -,v   «2 

2,«     2x  «-  «ftc  aftc 

ao'X'  w  —  ft' 

...     (9)_Ji±i^,    ..    (10)    _4a+l__    ,... 

.T  +  2 


Ex. 

,46.  (1) 

(5)  ^^ 
abc 

x^  +  xy 
x^-y-' 

(11)     .. 

(12) 


2(rt^  -    1)  '     '    (x'+l)  (x+2)  (.T  +  5) 

(13)    2jL±i)^.  .              (14)     -_ii±^^^,  .  .  .  . 

^     '     {X  +  1/'  ^     ^      (h  -  c)  {b  +  c;'' 

il5)^-^%\....  (16)    ^^41^^,      ...          (7) 

x'^y  on  (ft   -  «  ) 

a  +  b  ,-.^.                d--b~ 


(a  +  bj  (ft  +  c)  (c  +  a)  (a  -  ft)  (ft  -  c)  (c  -  a) 

EX.  47.    (1)|'     (2)    LJ.    (.)^^.     ,4)_^^.     ,5,,.     (6) 

1.     (7)  ^^1^.     (8)  '-'-f'y-r,     (9)  _^    (10) 

x~  -  y-  x"  -  y  .  x"  -  4 

J^.        (11)   _!_,.        (12)    2_(^"^2f!^.        (13)  -5- 
«-  -  16  a:;''^  -  y'  v?  -  y'  a'  -  4 

(14)  ^J^.      (15)  ^^i±i .     (16)  ._^.Z^_.     . 

^        .*r     y--'  ^  ^x+1)-  (.x  +  3;        ^         {t}-\){x-'1) 

(17^ ^^ .      (18)  .1^'.    (19)  •^i?^-^/). 

(./;  +  1 ;  ^  X'  +  2;  {x  +  3)  r/,  +  ft  .r  -  y. 

(20;     1        (21)     1.       ^.22)     0.       (23)       -,,     "  ^^ 
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(2.)  L±^,^'. 

{G;     ;^.     (7)(-^±|i'.      (8)  ^±^.       (9)-i.      (10)1. 
be  (^a-o~  X  ao 

a\)    ^    .     (12)  ^±^.      (13)1.     (14)1.     (lb)  -^ — 

X  -  1  :.;  -  y  m  -  5w 

(16)    p^.      (17)    ^'^^^.      (18)  ^.     (19)   1. 
{x+\y  {a  +  b-cj-  x+2 

(20)    1. 

Ex.  49.    (1)  4'^".       (2)  —.       (.3)   ^.       (4)  -^.       (5)   1. 

0-  ai/  5c-  fq 

(6)  »:_+»?'.       ,7,  fez|Mi'i±|).       (8,   fii        (9)    1. 

X  -  6ij  [x  +  2)     (x-  -  3)  x-\-  6 

(10)^.    (11)  fl^.    (12)1.     (13)*-^i±Z^;.     (14)  ^''~^^ 
a+1  X- +,!)''■  ah 

{w^-)  7x-+2       ^g      fr_j2        ^yx«--'  +  6^ 

(r.  +  6)  ■      ^      ^  .x'(.x-  -  2)'     ^      '  2(a^  +  i'-*/     ^      '   a^h' 

Ex.  50.  (1)2.     (2)f     (3)  .3.     (4)2.     (5)  2^?^.     (6j  8.     (7) 

8.     (8)    8.     (9;  8.     (10)    8.     (11)   8.     (12)   2.  (13)  2. 

(14)  ,3f.     (1.5)  .5.     (16)  2.     (17)  2.     (18)    -\.  (19)  0. 

(20)   i.     (21)    3.     (22)    11      (23)   0.     (24)    2.  (25)    1. 

(26)  2V     (27)2;:^.     (28)    -2.     (29)2.     (30)  f     (31) 

-7.     (32)31.     (33;    -2.     (34)41.     (35)  7f.  (36)  li 
(37)  -If.     (38)4.     (39;  f. 

Ex.  51.  (1)  48.     (2)  a.     (3)  34.     (4)  3|.     (5)27.     (6)420. 

(7)  2.     (8)  1.     (9;  1^^.     (10)    ^V     (H)  ll'^424.     (12) 

5,  7.     (13)  8152.     (U)    720.     (15)  $6948.     -16)   $540. 

(17)  12.     (18)  51,  27.     (19)  $9600.     (20)40,60.     (21) 

mn 
$1270.      (22)    $300.      (23)    27.      (21)    17.      (25) 
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(26)^^-    {21)^--^-    (28)15.     (29)(m  +  nV.    (30) 
p  mp         np 


m  +  n  VI  -i-  n  m  +  :j 
Ex.  52.  (1)  «''  +  2a6  +  62-c-.  {'6)  {x-y  +  z~\)  {x  +  y-z-\). 
(4)  11.  (5)  a;-  +  3a;-9.  (7)  2a'b' +  Ib-c"  +  2G'a  -  a* - 
^**  -  c\  (8)  «  -  ^  +  c  -  c/.  (9)  Identity.  (10)  1  ;  2. 
(11)  .T«-64.  (12)  257^.'  (13)  (50a:- 1)  {x-'d\  (14) 
1320.  (15)  -3^3.  (16)  0.  (17)  a^  +  d'h  +  ah  +  a?d + 
abc  +  ahd  +  acd  +  bcd,  a^  +  2a?-ba-<o.  (18)  1.  (19)  5, 
15.  (20)  ^.  (21)  {x-2)  {x+\)  (x-  +  3)  (.«  +  6). 
(22)  l+y  +  ^  +  y2_y2  +  2l  (23)  7«- 26 -4c.  (!:4)«5  + 
bc  +  ca  +  c-.  (25)  -  lyV  (27)  a3  + 3«-  + 3a  + 1,  (29)  3^^,. 
(31)  (15x'  +  y)  (2.x--5y).  (33)  a? +  ¥ +  c^ +  ?,a-b -^?>arc  + 
SaP  +  3ac-  +  Wc  +  3bc-  +  6abc,  3?+  Fy^  +  2^  +  Qx'^y  -  SaPz  + 

I2xf  +  3xz''-12fz+6yz''-12xyz.        (34)    — ,   iab  +  —. 

16  4 

(35)    -i       (36)  (,r-l)(,r'+l).       (37)^-1^^1      (38) 

-1       (40)2.      (42)181.      (43)  4^.     (44)6,9.     (46) 
1.     (47)  10.     (48)  7. 


li 
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